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A 2 Kind 


„ DEDICATION. 
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rior 
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me to enlarge on a Topic, which how- 
ever ſlightly touched on, would do 
Violence to your Delicacy, and, at the 
ſame time, betray my own oſficious 


Vanity. I have the Honour to be 


Rev. SIR, 
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PREFACE. 


LUXIONS being found very com- 
modious for the Diſcovery of new 


Theorems in Mathematics, IJ have cn— 
deavoured in the following Treatite to la- 
cilitate the Knowlege of this Method, by 
proving it in an eaſy. and conciſe Manner, 
and applying it to the different Problems con- 
cerning Curve Lines. In which I reject no 
Quantities as infinitely ſmaller than che reſt, 
nor ſuppoſe different Orders of Infiniteſi- 
mals and infinitely great Quantities. But 
conſider the Ratio oi the Fluxions as the 
{ame as that of the contemporaneous Incre- 
ments, and take Part of the Increment before 
and Part after the Fluent is arrived at the 
Term, where we want the Fluxion, ſince 
it is not the Increment after, or the Incre- 
ment before that we want, but at the very 
inſtant, which can no otherwi:c be found but 


by conſidering Part of the Inciement before 
and Part after. 


In 
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In finding of Fluents, I have generally fol- 
lowed Mr. CorEs's Method by the Meaſures 
of Ratios, that being the moſt expeditious, 
and moſt elegant of any. 


The common Form for the Variation of 
Curvature being of little Uſe, becauſe of the 
Intricacy of the Computations, I have laid 
down another Form by which it may be found 
with much more Eaſe. 


I have alſo ſolved all Mr. Corꝝs's Problems 
relating to Curve Lines, and proved thoſe 


Theorems which he has not demonſtrated. 
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FLUXIONS. 


SECTION I. 
The direct Method of Fluxions. 


Definitions. 

J. UANTIITIEõ are either variable or inva- 
riable; the variable are ſuch as are either 
continually increaſing or decreaſing by the 

motion of a point, line, ſurface, c. the invariable 

are ſuch as always continue the ſame. Thus ſup- 
poſe the extremity O, (fig. 1.) of the right line OP, 
to move along the right line AB, fo that its 
other extremity P may trace out the femicircle 

APB, then the Lines AO, OP, and the curve 

AP may be conſidered as variable quantities, 

whilſt the radius A C is invariable. 

Quantities increaſing or diminiſhing in this man- 
ner are ſaid to flow, and are called fluents. 
B 2. The 


2 The direft method Sect. I. 


2. The fluxion of a quantity is the velocity or 
celerity with which that quantity increaſes or de- 
creaſes. 

. The invariable quantities are uſually repre- 
ſented by the firſt letters of the alphabet, a, b, c; 
the variable or fluents by the Jaſt, x, y, z; their 
fluxions by the fame letters with a point over them, 
thus x repreſents the fluxion of the flowing quan- 
tity x; y that of y. The fluxion of a compound 


or ſurd quantity, xy or Va is repreſented 
thus, x-+y, Va x: ; but os fluxion nd a fraction 

a x 

 aFy = 

4. The moments of quantities are the indefinite- 

ly wal parts, by the addition or ſubſtraction of 
which, in equal particles of time, they are conti- 
nually increaſed or diminiſhed, 


is thus expreſſed — 


— 7 
D. 
= = * 


Pr 
— 
— 


PRO POSITION I. 


7 be indefinitely ſmall ſpaces deſcribed in equal indefi- 
nitely ſmall times are as the velocities. 


5. For in uniform motions the ſpaces are as the 
velocities, when the times are given, and in acce- 
lerated or retarded motions, the increment or de- 
crement of the velocity will decreaſe as the time 
decreaſes, therefore when the time is diminiſhed 

ad infinitum, the difference of the velocities at the 
beginning and ending of that time will vaniſh. 
And the motion may be conſidered as uniform, 
and the ſpaces deſcribed in the r particles of 
time will be as the velocitics. Q. E. D. 

6. Corollary. Hence the moments of any flowing 
quantitics are as the Fluxions. 

| PROP, 
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Prop. II. 
To find the fluxion of the ſum or difference of any 
a number cf flowing quantities. 


7. Thus let it be required to find the Fluxion of 
xy—z+v. Let the reſpective moments of x, 
9,2, v, be X, V, Z, V, then the next values of 
*, Y, 2, v will bex-+X, -, z+Z, v+V, 
and ſubſtituting theſe values for x, , z, v, 
the next value of à—2- -u will be X- 
3$+Y—z—Z+u-+V, and the moment will be the 
difference of theſe values XY ZAV, and ſince 
(art. 6.) the moments are as the Fluxions,” the 
Fluxion of x+y—2z+v will be x+y—2+9. 
Whence to find the Fluxions of quantities con- 
nected with the ſigns + and —, we have this 
rule. 

Take the fluxions of every one of the quantities, 
2nd connect them together, wich the figns of 
their reſpective fluents, and the ſum will be the 
fluxion required. 

8. Corol. Suppoſe the quantities x, , x, v, &c. 
to be equal to each other, then the fluxion of 2x 
will be KN x, and the fluxion of 3x=3x 
and in general the fluxion of ax=ax. 


PRO r. III. 
F two flowing quantities x, and y, are always in 
the ſame ratio, as m, to n, to each other, T ſay 
their fluxions are to each other in the ſame ratio. 


9. For ſince x: :: M: u; x = —xy and ſub- 


ftituting x--X for x and. y-+Y for y, as in Art. 7: 
B 2 


we 


4 be dire Method Seat. I. 


we have Nur. Whence X = == 
"I 

** Y, and — == (by art. 6. 55 therefore 

* % nn. QE. D. 


10, Corol. 1. Since S= 
2 7 


we have - * 
* 


mo 
TN 
and y = — 


Corol. 2. If the fluxions are in a given ratio to 
each other, the fluents generated in the ſame time, 
will be to each other in the ſame ratio. 


PRO P. IV. 


If two flowing quantities x and y areto each other in 
a given ratio, 1 ſay the fluxion of the rectangle 
xy is equal to 2 x. 


11. Suppoſe xy 2, and let its increment be 
Z, _ let x be increaſed by 2 X, and , by 1 * 


0 . =» then che area 2 will become x TX X 


| —— 
5+E =xy +yX +2 And if x is di- 
miniſhed by 2 X, and y and by Y, the area 2 will 
become xX N. = XY —yX + 
Therefore whilſt x flown from x X to wa X, 


the area 2 flows from x y—y x4 to HX 


= and its increment Z = 2yX. Therefore 
2 :Þ | . 
JE FED and >=/25x. Q.E.D. 


12, Corol. 
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12. Corel. If x the fluxion of * is 2 xXx, 
In the ſame manner the fluxion of xp» is 2X 


D = 2xx3F9 3Þ33F I) 
Proe. V. 
The fluxion of any reftangle x y is equal x +x y. 


13. The fluxion of A, or x*-2xy+y is (by 
art. 12.) equal to 2X xxx y--xy yy; it is alſo. 
equal (by art. 7 and 12.) to 2xx+2yy-+2xy, there- 
fore 2*xÞ-2xy-Þ2x9-2yy=2xx+2yy-+2xy, and 
2Xz= 2xy+2xy,; theretore the fluxion of xy is 


K A/. Q. E. D. 
14. Corol, 1. If x = 5 then x y=2, and by 


this propoſition x = xy + x y. Therefore x y= 
i nde e equal to the 
fluxion of the fraction 5. 


15. Carol. 2. Suppoſe t yz, then the fluxion 
of xyz or xt is xt-xi=xyz-+x7, but I-, 
therefore the fluxion of xy 2 is x y 2x y xy Z. 
In the ſame manner the fluxion of vxyZ or vt is 

oxt-vxt-vxi=vxyz+-oxyzd-oxyz-vaya. 
16. Corel. 3. If in the laſt corollary we fup- 
poſe x=y=2z=v, then the fluxion of x* is 3x &, 
and the fluxion of x+ is 4x*x = 4x+—"x, and if u 
be any affirmative integral number, the fluxion of 
* is W. 

17. Corol. 4. Suppoſe 2 —=2, then 1= 


2x" and (by art. 16 and 13.) zx*+- nzx*—1x=0. 
Therefore x" = — e x = -= , and 


B 3 Z= 


r 


— 
ne 


” 
n= non — — — —— 5 — — - — — = — 
= « 9 = 


— — 


— b 
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S. -M x= the fluxion of x—* or =_ 


1 - 


18. Corol. 5. Suppoſe x" =z, then xz, and 
U 1 


- . * 2 . I — . 

K =#2*=1 Z=1 2x*=* and 38 = -x%p— 1x, the 
1 * 

fluxion of x». 


19. Corol. 6. Sufpoſe . = *, then 2* = a, 


and mx" x = 1212 = 3 , therefore 2 


Mm . . 3 
= * iK, thefluxion of x». 


o. From the four laſt articles it ap- 
rs, that if be any number, integral or frac- 
tional, affirmative or negative, the fluxion of 


* will be 2 x*="x, Thus the fluxion of xT or * x 
is x—3x, and the fluxion of x "I; is 1 xx%+9 


: : K — 
X2 xx 23) = Rn and the flux. of e 


18 A —— e + far X= X=an fx xx"—1 X 
l —1, N 
Corol. 7. If the product vxyz is to the 
r VXYZ, as m ton; then avayz= 
mVX YZ, and by Corel. 2. noxyz+ nv xy2+ 
noxyzÞ-noxy3 =mVXYZ4-mVXYZ + mVXYZ 
+mVXYZ, and dividing one ſide of the equation 
by nvxy2, and the other ſide BY mVXYZ, which 


is equal to it, we ſhall hae —1- 2 ＋ MY 
X.Y,Z 


XI. 


PRoOr. 
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Pzroe. VI. 


Having the relation of the fluents, to find the relation 
of the Fluxions. 


22, Let all the terms of the equation ex- 
preſſing the relation of the fluents, be brought to 
one Side, and made equal to nothing, then find the 
fluxion of every term, by the preceeding articles, 
and make the ſum of all the fluxions equal oz 
which equation will expreſs the relation of the 
fluxions. 


Example IJ. 

23. Let the relation be * — ax*= y3— a xy, 
then bringing all the terms to one fide, x%—ax* += 
a -. Now x =3x*x (art 20.) — a x* = 
—2axXx(art. I2.) aXy = axy ay (art. 13.) and 
— = —2y'y (art. 20.) Therefore making the 
ſum of all theſe fluxions So, the relation of the 
fluxions is 3x*X — 24xX - &Xy-axy - o. 

24. To find a more general expreſſion for the 
relation of the fluxions, multiply the equation by 
x" 3" (m and x being any two numbers) then & 
„ A yrdleg gant i N o, and the 
relation of the fluxions is M N e 
v = -m -2ν r N - a xtra 7 i * 
ar- - Sn xox e - - -= zx 
Ho, divide by * and the equation will 
be CIC LY - ZN —nax'y=1y 
m I X ayx + n-+-1X @ x) - x yp X—n+3X 
Y* y=o0, which expreſſes the relation between x 
and y, let m and n be what they will; as ſuppoſe 

B 4 220, 


8 The direct Method Set. I. 
mer, #=0, then 3 * * — 2axX+4y xa xy— 
23* o, the ſame equation as was found before. 
If m=—1 and A o, then 2x*x— axxaxy+ 
xx — 35 =o. And if M=1, 1=—1, the 
relation will be 4x*X—x'y—="y—3a K AN Y A 
2 ay -= ν 2. ro. 

Theſe different expreſſions are no others 
than ariſe from the different forms of the 


x 
equation for in the general / expreſſion 7 * 


1+ 3xX3*—n+xazbnar CI- 

mg - M XA + m-1Xay—m x 
ny g - na Xx - a - N - Y.] ¾ 

mx ZX M 2 & - A- m = 

Y -R TY N e- ax Sax 3 
3 2 a xdaz+mx R -a axy—y 

32 — — 2 — 0 
== becauſe . ax: axy—y=0; 
whence it appears, that all theſe different equations 
expreſſing the relation of the fluxions are the ſame 
in reality, their difference ariſing only from the 
ſeveral forms the equation may put on. 

25. By this general expreſſion we may always 
find the moſt ſimple equation ſhewing the relation 
between the fluxions x and y, by ſubſtituting for u 
and u, ſuch numbers as will make the greateſt de- 
ſtruction of termsz_which numbers may be found 
by conſidering which of the terms n, I, Mu-, 
occurs ofteneſt, and making that term So, you 
may determine m, and in the ſame manner you 
may find u. Thus in the laſt example m, m1, 
mz, u -g, occur each of them but once, there- 

fore 


Sect. J. Of Fiux1ons. 
fore make m=0, —1, —2, or —2. But of 
2, Af, it appears that » occurs ofteneſt, there- 
fore make n=o, and the ſimpleſt equations of the 
fluxions are, | 
Firſt, m = 0, O. . . . 3X 2a x xa y x+ 
GXY—3ZYY=0. 5 
Second, m=—1, 1 , 2X X- N XA 
„* & - 35 /ᷣ= o. : 
Third, m=—2, 1 . * x—=@ayx+axy + 
2) & - Y=0. 2 22 
Fourth, m=— 3, MO. @xX—24y xX+ax yo 
X- o. 


Example II. 

26. Let the relation be x\—a*x+x —a'y=0, 
multiply by x=y", then xe - x - EI 
v: —a:xmy +! = o, and taking the fluxions 
m-l-3X vH En x N- —- m 1X AN 
nd i -- CMI x & A X * . 
„* - i EI X ax" y" , 
divide by xn e, then MEZ x * K 1 X π⏑-—- y— 
„E- X OX —naxy—lyd-m-1 x y x+1n--2 x x.» 
-mal i -A -x , the general equa- 
tion expreſſing the relation of x and 7. And to 
find the moſt ſimple equation, we muſt make 
n -I So, or m= —1, and A o; in which caſe, 
the relation will be 2 ** ＋ 2x yy + @*x=1 y XK 
* o. K 

27. To find the ſimpleſt equation of the fluxions 
it is not neceſſary to find the general fluxional 
equation, it being ſufficient to multiply the equa- 
tion by x* y* ze, &c. and to obſerve which of the 


mdexes , u-, m-|-23 , 1 -I; P, p-þ-1, Sc. 


OCCUTS 


—_— 
= 


— — 8 — » — 
— — — : 
1 : 9 2c = * A — 
4 Y —_ ; - E — * — — 
te. * 8 — ——ů— — 7 
= "Ml E : — - 
- - — * 4 a = — 
: SE b s : — 3 
2 — * * — — - 2 — — - > - 
— 13238 — — - =_Y . 
. - = wear cw ay 
— * — — —— — 4 * * — - * — 
* * — 5 —— — * a a 


4 
* 2 * + 
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occurs ofteneſt, and by putting thoſe indexes 
So, you may determine m, u, p, &c. and then 
ſubſtituting their values, or which is the ſame 
thing, divide the equation by thoſe powers of x, 
Y, 2, &c. which occur ofteneſt, then find the equa- 
tion of the fluxions, which will be the moſt ſimple 
one, | 
Example III. 

28. Let the equation be xy - T E Do, 
multiply by x* A, then xm+1 v Y XN 1 
* p ix. z2p+1==0, therefore make - 
I=0, u- Io, f+1=0; or m=—1, 1=—1, 
p —1, and ſubſtituting theſe values, z—=!— 


Yi =0, and taking the fuxions = —— 
2 So, which is the ſimpleſt equation 
ſhewing the relation between x, y and S. 


Example IV. 
29. Let the equation be x x -|- x4/a a=y y — 


1. 
1 O. To take away the ſurd quantity Naa 55, 


1 
and the compound fraction — 


3 a 
a * * 
* v, then the equation will be 


rho ſuppole 4 a— 


yy z z, and - 
xx g - urg, and taking the fluxions 2x x -- 
* Z-|-x $—V=0. But by the equations a4 — 
a3 

=22 and v=——— or a DU 
Jy ny wp +vTy Sa, we have 


Z S ===? Y, at — and a D) 


2 , or 21 and ſubſtituting theſe 


values 
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—ñññ — — 


values of > and d, we have 2 ** ＋ x Vaa—yy 
xy . ay : . ; 
. So, which ſhews the relation 
aa—yy | ay 5 


of the fluxions x and y. 


Of Second, Third and Higher FLuxioxs. 


30. IN the ſame manner as the quantities x, y, z, 

are conceived to flow, and to have their 
fluxions, ſo may the quantities x, y, 2, be ſup- 
poſed to be variable, and therefore have their 
fluxions, which are thus repreſented &, 5, &, and 
are called the ſecond fluxions of x, y, z: theſe 
quantities alſo have their fluxions &, J, S, which 
are the third fluxions of x, y, z. Theſe allo have 
their fluxions x, J. 2, which are the fourth 
fluxions of x, y, 2; and fo on. 

31. The relation of theſe higher fluxions are 
derived from the equation expreſſing the re- 
lation of the preceeding orders of fluxions, in 
the ſame manner as we derived the relation of 


the firſt fluxions from the relation of the 
fluents. 


Example I. 

32. To find the relation of the third fluxions 
x and 5, when the relation of the fluents is 
x - a y=0. The relation of the firſt fluxions is 
2XxX—ay=0, Now in this equation, as we have 
three flowing quantities x, x and y, the equation 
of the ſecond fluxions will be 2x K X j=0. 
Here we have four flowing quantities x, &, &, 
and j, therefore the equation of the third fluxions 

will 


+. The direct Method SeR. I, 


will be 4x KN X+ 2K K—4 = 6x 2x X — 
a Vo. 

_ Since it is only the relation of theſe fluxions 
that we are ſeeking, we may ſuppoſe ſome quan- 
tity, as x to flow uniformly, and then its fluxion 
will be an invariable quantity, and the quantity x 
will have no ſecond fluxion, and conſequently no 
third or higher fluxion, which will make the 
fluxional equation much more ſimple ; thus in the 
laſt example, the ſecond fluxional equation was 
2X K AY -o, put & o, and the equa- 
tion will be 2XxXx—4 To, again the third fluxional 
equation was 6 x K 2X X—=0 mu =0; which by 
putting & S, and & So, will become —a ) o, 
or S, and therefore the quantity y will hos no 
third fluxion, 


Example II. 

34. Let the relation of the fluents be x"—y=0, 
then the firſt Auxional equation is 1 
Here we have two variable quantities x and 
ſuppoſing & invariable (art. 33.) Therefore the . 


cond fluxional equation is mX M—1 R X*— 


j=0. In like manner, the third fluxjonal equa. 


tion is n Ml x- X * K — j = o, 


and the fourth um. — I 2 * =. . — 
o, and ſo on. If the index is an affirmative 
integral number, this ſeries of fluxional equations 
will at laſt break off, but if is a fractional or 
negative number, it will run on ad ixſinitum, and 
will never terminate. | 


Example 
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Example III. 


35. Let the relation be x y—z =o, then the 


firſt fluxional equations is x y4+-x y— 2 So, and 
the ſecond ſuppoling x invariable is x y + x y 

* - = 2x y-+-x j—2=0, and third is 1 j 

x 3. — Z = ©, in the ſame manner the fourth is 


4Xj +xj—2= 


36. In the ſame manner, we may find the 
fluxion of a quantity compoſed of fluxions. As 


for example, to find the fluxion of AC XX 17 I 
ſuppoſing x invariable, let JOE = = « then 


then y* x*þ K , and raking the fluxions 
X 7 + 275 =x*22, and 2 = = — 2c 24 

* 2 
AZ 2. 
N e eee, 


SECT. II. 
The inverſe Method of Fluxtons. 


THE fluent of any quantity as x is is repre- 
ſented thus |x=x], in the ſame manner |x Ix] repre- 
ſents the fluent of x y. 


— 


PRO. VII. 
To find the fluent of the fluxion ax"x. 
37- By art 20. it appears that the fluxion of 


the fivent x*+* is A1 X x"x, and this laſt 
fluxion 
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Auxion is to the propoſed fluxion as A= to a, 
therefore by Cor. 2 Prop. 3. the fluents are in the 


ſame ratio, that is MI: a:: x"+ : [ax"x| and 


X . Q. E. I. 


Examples. 
1. To find the fluent of xx. Here a=1, 


a 

1 
. = 
*. 


2. To find the fluent of 2x}, a=2, m=}, 
m--; and the fluent is? x f. 


lax*x| = 


a 
W=-I 


- 
4 


ml, u--1==2, and the fluent is 


Jo find the fluent of =. 8=l, , 
3 por 


OY 
w--1=—1, and the fluent is —>. 


2 * f 7 
4. To find the fluent of Je or 2xx—* here 


7 


a= 2, m —1, uz, and the fluent is 


4x3 Nx. 
38. It the quantity C be invariable, then the 
fluxion of x--C is x, ſince the conſtant quantity 
C has no fluxion, therefore x will have the fluent 
x C, as well as x. This conſtant quantity C is 
known trom the conditions of the fluent, by find- 
ing where the fluent vaniſhes, and by ſubſtituting 
the value of x in that caſe, and making the reſult 
So, you may determine C, as for example ſup— 
poſe the fluent ; & (in Exam. 1. art. 37.) was to 
vaniſh, when x, then 1 ＋ C So, and C= 
, therefore the correct fluent is + x*+ C is 
IX wb". 
Prop, 
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Prov. VIII. 


To find the fluent of any number of fimple quantities 
each of which involve but one flowing quantity, 


- 39. It appears by Prop. II. that the fluent of 
K - ＋& is x- -. Therefore find the fluents 
of every term by the laſt propoſition, and their 
ſum will be the fluent. Q, E. I. 


Example I. 
a : 
-, Which 
x 
is to vaniſh, when x=a, The fluent of 2xx is xx, 


l2x-x 
a 


To find the fluent of 2:xx 


3 — 1 
— , and — = =—— and the ſum of 
. 


7 vents is the fuent required, x = 
— 5 C, put x ga, then 3a ＋ C = o, and Taz 
3 therefore the corrected fluent is x += ay: 


a” 

— —22 . 

* 3 

1 15050 
2 
To ſind the fluent of << : . Now 
x a* 
ex x ja* x a Nx x7 


N 8 
the fluent is * C. Suppoſe it to 


vaniſh 


— 8 WA — 


8 ( —— 


— 


* — — 
* 
r 
Xx __ 


- 
_— 


— —— 


— — — 


. CESS 
w — - - 
| 2 GE ns = 


— — 


' — ů 2 => 
* 
8 


— 
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L 


2 
vaniſh, when x=a, then y 24 ＋ C=0, and 


= a* 
Ca, therefore the correct fluent is —— — 


2 "i 


Example III. 
To find the he fluent of x3x 5 55 -. Here jx: x [x x| 


=X+ e arg. 8 the fluent is 


2x3d-2ax;+C, ſuppoſe it to vaniſh when x=2a, 
I | 
then x-.=4a4 and —@ +a} - Co and CD 
— 734; therefore the correct fluent is; xi 
2445. 
Example IV. 


To find the fluent of ax+3xx, which ſhall va- 


niſh, when xo. Now [2 K x| Sax, [3x x| ={xx 


and the fluent is ax X TC, make x g, then 
C=0o, and the correct fluent is ax ix*, 


Lemma J. 

40. Let x be any variable quantity, ſuſceptible of any 
value, and let AA-Bx+C x*+D x*+ &c. =o, [ 
309 Az=o, B==q, Cz2o, D=o. 

For put xo, then A =o, and Bx 
Cx; ID &c. So. therefore B4-Cx+Dxt'-+ 
&c. So, _ Bo and C+Dx=o, therefore 

=o and D=o. Q. E. D. 
41. Corol. — if A+Bx+ Cri Dxi-þ &c. 
be always equal to a-+6 x * * ＋ &c. _— 
= 
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Sa, B=b, C c, D=4, for by tranſpoſition 
AB --C 8 ＋ 
* x* ** |- &c. = 0, 
—4—6 —C —4 
therefore by this Lemma A—a=o, B-b=o, 
C cr, D. A= o, and Aa, B=b,C=c, Dad. 


Lemma Il. 
To find the value of a in an infinite ſeries. 


42. It appears from the common algebra, that 
the exponents of the quantity @ will continually 
decreaſe, and the exponents of x will continually 


increaſe by r. Therefore ſuppoſe a+" = A+ 

ah ABC x5 +ABCDx 5+&c.mul- 

tiply by ax then Tau = 

A LAB +ABCI.. +ABCD),, 
＋A Lap 8 ＋ABC e 

and taking the fluxions, and dividing by x, we have 


AB＋L2 ABC 3 
+A+2AB ABC /- 
&c. But T A+ABXI+ABCx——+&cc. 


therefore by ſubſtraction AB uy _— | - 


8 Is I; 2 
ian | —+&c. m —=mA+mABx 


—þ+&c, Therefore by Cor. Lem. I. AB= mA, 
C 2ABC 


m1 x ax" = 


—_— 25 — =” - 
EE — 


"y 
177 
if 


* — 


2 
— — 
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2ABC AB = MAB, 3ABCD + 2ABC = 


w ABC, whence B=#, C= , D= =? 


ITO 

and when x=, A=a", * 4E“ S ＋ 
M— 1 Mes] MWM--2 

man" x -m. 4s. 
au- - &c. By this theorem of Sir I. Nxw- 
ToN's*, we may find at once any power or root 
of any binomial, trinomial, &c. without comput- 
ing the intermediate powers. 


Examples. 
43. Exam. I. To find the fourth power of 


1  _ 


| 9 4 
n —4 
SA, 8 O. Ns "= atÞ-40 x +4. . 


a * 44.3. 3.ax 4-4. 3.43. x x%, = d*Þ40x 2 
b xÞ 400 x*. Here the ſeries breaks o 

and becomes finite, which will always happen 
when m1s an integral affirmative number. In other 
caſes we ſhall have an infinite ſeries, which will 


converge the faſter, the leſs x is in reſpect of a, 


aA x, we have m==4, 


Example II. 
To divide 1 by a-þx, or to find the value of 
PN We have n= —1, — , — 


1 
221, and 1 = 4 — 4 x ＋ * 


aan -＋E&c. =: a = + _ _ &c. 


Letter to Mr. * es 13 Jun. 1676. 
Example 
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Example III. 
To find the value of Ir or a+) ©" we have, 


m—1 41 —2 n ＋ 2 
, __ 
2 nx 
EL 14 I 


_— a="=3x" ＋&c. =— - 


u. I. ** M. A I. n+2. x 
af 2. 3 a*+3 * 


+1 


Example IV. 
To extract the ſquare root of ax, or to find 


the value of n, we have M f, Ss ym 


4 

F no OR. 
8 1 1 10 

and ax =atþga—! xa" +— + b 

8.1.1.5 

—7 3 Fs 4 — 

2. e + 55 

* x? 


8 as =_ T6 at _—_ a? T = * po ſame 
"yi r=" {I _ 
manner V + 2* = r 77 es 1575 — 


: 4 
— &c. and Vri — 2* —_—- — os 


1587 27 2 x3 88 
26 6 2* 8 
1075 * 


C 2 Exam ple 


— — — * 
4 " * þ — 4 
” : _ 


— — — 
—— 


— 3 OR 


— 
_— 


— 
— * — 


— 
— 


= 


— 
8 


n 
. 2 
r 


L. — 
* * — 
© 


— 
* 
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Example V. 

To find a+y) 7 in an infinite ſeries, ==> 
MI HP M2 1—25 22 2 
5 Ur „ and a+ x = #4 

NT MP 7 Ro — as 24 


+ . 2 x + 5 _ 9 TH 


oy —— — 
ap .- &Cc. 
39 wy 


Example VI. 
To find the ſquare of the trinomial a 4- þ + 


we mult conſider a as a binomial by mak- 
ing a=8, and x c, then m=2, — 4 


and ZA =0'+20x674-: ad b4- 
2ac ＋ο . 


EI 3 
44. 2 51 Put : es . then x= — and 
a -x = _ and a--x"=4a"X1—1\T=(byE.3.) 
m. I m. m- I u- 
anx ex ＋ 7 N 


r * = - + &c. Which is Mr. 
2. 3 ax 
Corson's Theorem. 
45. To find any power of the multinomial 
pero &c, make arg, x=b--c-l-d4-&c, 
Then 


Sect. II. Of FLux los. 2 1 
Then AAA N = an + n iK 
xc. L ee 


Eh M—2 
— f * 3 Xe. Hi + 8&c. But 


c- =6&* +2 bc-l- &c. and ea = 
bs 4. &c. Therefore aD CTI NC = 
pig ma i ＋ m e 7 * 


* mM X = 4 —25 —— * Xa"=2bi4-&Cc. 


M—1 M2 
A TX py a"—36 -|- &c. 


Which is Mr. Dr Moivre's theorem for raifing 
a multinomial to any power *. 


X Proe. IX. 
To find the fluent of à compound er ſurd quantity, 
which involves but one flowing quantity. 


46. Reduce the quantity to an infinite ſeries 
by Lemma II. then find the fluents of every term, 
by Prop. VII. and their ſum will be the fluent. 
Q. E. J. 

Examples. : 
ax 

Example I. To find the fluent of . 
quantity is equal to 2x X a-þ-x—=* = (by Exam, 


this 


* 1 
II. art. 43-) 4X* ·4— 2 2 a4 + Ac. == 
„ OO ONE ; 
22 — fo ＋ &c. And the fluent is 
| WS 4 
** x* x 
27 3% 4 es 


„ Miſcel. Analyt. p. 87. Exam- 


J 
1 
7 
14 
'P 
4 
$ 
in 
. 
i 
% 
1 
1 
"i 
* 
: 15 
iy 
F * 
L 
# 
. 
. 
' 4 
7 


— — — — — — — 


— 


+> 
.? 2 
r 


3 


* — — 
** 
C . 


1 &c. whoſe fluent is 7 x — 


4 
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Example II. 


To find the fluent of x /r r—xx=3xXr*—x1 x 
x* x ** 

= (by Exam. 4. art. ES —_ D— 

5 % 4. art. 43.) 5 


br 40 


aw Cc. 


Example III. 
To find the fluent of Af = 25 = & N 
e+fx+2gx". In art. 45. make a ge, . 
N, d=0, m=—1, then x x e+fx+g * N 


x Jux fg 26fg—f _. 
5 75 _ = 8 x + 77 K * 


＋&c. and the fluentis=— L * — xd 
„ 
WEL, 2 4 &c. 
47. In general to find the fluent of x&* o 
by Lem. 2, we have AN * = Oba, e Fx 


Ao 21 A. A— I. A—2 


5 . ff K* ＋ . 7 —. ef ** 
&c. and & xi xeÞ-frD = Ox tt * 
N. X—1 


pmol oF x R 1＋—1 + —. 2 f X xtra 
2 Gy 


6 | 
— 5 — = 3 fx x Frp— + &c.- 


whoſe 
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whoſe fluent is = C . e f ox the 
9 9 = I 
* 3ꝶ¼—1 Ab. A — 1. 4—2 
2. 6 427 
f* x *+3» 4- &c. Where if we put A, B, C, &c. 
for the ſeveral terms of the ſeries, A for the firſt 


0 ex, B for the ſecond = 2 Fx H and 


ſo on, the ſeries will become * * + => al 5 


XI. . F X- 2.0 ＋27 fo 
* 2-429 B 1 3-0-3" C oe ? &c. 
which is a general Theorem for finding the fluent 
of any quantity of this form x * x e4-fati, 


Example. 
To find the fluent of x Vr. xi, we have 


io and d ==, er, f=—1, y=2, Arz, 


E 


4 AE . 
and the fluent is 1! — A 4A <2 * 2 
335 - 


* 3 „ 132.5 
Cg, &e. =x 7 3 % 55 
K* * X5 NX7 
= — © coor — — — 2 — 
0 T Fe 6r 40 11275 

&c. as we found before Exam. 2, Art. 46. 


48. Sometimes the fluent of a ſurd quantity may 


be expreſſed by another ſurd, thus the fluent of 
XxxVr. -&. IS - XY -N, and the fluent of 


C4 = Xx 


* 
— — 
* _ "_- 
-». 
by A. 


- 
** . * P 
w . * 5 
- 


nA 


n 
— 


I 


_ — — — 2 


1 
= 


- 
: 
— —_— 


— —— — - 


— — — — 


22 —— — — — 
— a OS —_— 


— — 
— 


2 


—_— — «—_— 
%. * - 
. * 
7 


— 
Le 
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* . I | 
$31 x ear 27 X e + f wa (art. 


20.) | ED 
PROF. X. N 


To find the fluent of x. x e 1- f 901, 


2 
= 2, then ! - ==, and 


x" 
e AY 172 
e BF 
e + fon = 1 3 == ＋ f, whence 


49. Put 


. a 2 re a 
taking the Fluxions — = ——, therefore xx 1 
| 2 x"+1 


XY xn e 2 2 Wis 
— — rr er rerre rer errnrn 


ge rez x1 nN If 2 


„ alſo we have xd 


ES "H 
. and ſince f= ., conſequent- 

a By 3 ee] 1—7 4 I 
1—72 « „e 


ly eFFxY n, and ſubſtitutingtheſe 
values, we ſhall have x x*—" x X = 


; . 6 
2 1 | — — 
— 3 E gh * 5 . 
1X 1 —72 5 — 1 
g 
ee 
2 * 


— = (If veput ASA D x 
A 1 OT 

1 —fz" | l 

1 X 1—f2—s, and if we compare this Fluxion 


g 
with that in art. 47, we ſhall have 8 = To SI 


A = 


Sect. II. Of Fluuxtions. 25 
=, el, f=—f, and the fluent will be 


0 
2— 0 $.= 1.4 


= ; = XZ, +75 Af Es Bf ＋&cc. 
2E. I. 
Y Example. 
* 


To find the fluent of I or Xx IN, we 
have 1, tl, a=0, , Fans, , 
22 2 and the fluent is z |- AEZ TI Bz+ 
iCz &c. =z+; 2* +; 2˙＋ 24 &c. 

This ſeries is of ule when the quantities e and f 
have the ſame ſigns, and the following when they 
have different ones. | 

50. Put A , and aſſume && = =] — 


PXAX!+B xt+ + Cx», &c. where A, 
B, C repreſent unknown coefficients, hereafter to 
be determined, by taking the Fluxion of this ſe- 
ries we ſhall have xx'— . = A KX + 
(PX By NX T- i- Cy N=, &c. 
—— A A5 x3d-x B yy'—=" x*+þr lx C yy 2— 7 25 
+ &c. divide by ĩ 151 then x =1 AY TA 
Xx By xx" + 8-þ2, x CY Kc. ＋ AA 
ABy x +1 + aCy x2: + &c. But fince y = 
e AHA u we have y f xx: —ſubſtiture this value oi 

and 
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J and divide by & then 1 =0 Ay N Byy» 4- 
64-24 x Cyx*" &c.Þ-arfAx"d-arf B xc. ſubſti- 
tute the value of y=e-þ-fx», then 1 e Af Ax 
Ae B. 6+ x fBx*» + 6Þ21 x eC x", 
&c. ＋ ay f Ax" + af Bx + &c. Tranſpoſe 1 
and range the terms according to the dimenſions 


of x, then 

mY ＋ A 152 359 
+ 74 005 1227 25 «ng x &c. o 
=_ AfA . arf B 


Therefore by Lemma J. de A 1 , 5 fA+ 
Tx e 28 (Por x 7 9 eC=0 


= 2 

And A = B = — TT © . 61 
＋ 1 7 —. 8 1 

27 Pu 3 r and 2 — | 
© : N. BB 
then B=— = X . A. 

3 

And the fluent will be equal to e into 72 


A 
= X L att — DO x 3 Xx Tir &c. Where 


A, B, &c. repreſent the 8 of the pre- 


ceeding terms, but if they repreſent whole terms, 
5 


* 5 ** 
the fluent will be e--fx "> x T= AL — 


1 32 FM 
"> wr 4 — &c. E. I. 


Example. 


Sect. II. Of FLux1ons. 27 
Example. 
" To find the fluent of xv/ax—xx or xx XA, 


we have tr, =}, , l, e=8, 
; 3 
f= —1, , 5=3, and the fluent is a—2z X 


„„ „„ —— 
= * 7B. = + &c. ax -A 5 
2 6 x 8 x 10 X 
ET, T7; EST 


&c. 


51. Since the Quantity e- EF = A x0 . 


| — I — 
_ + f1'” we have xx x ef = 
xxbrw—— 5, f = Therefore in the laſt theo- 


rem, inſtead of 6, „, e, f, write 8|- ay—y, —n, 
J, e and then r = I will = — — and 
1 


— and the fluent will be 


= — will = — 


r, A 

&c. eL X — | EEE 
| fI-xy —2 

P f. — Kc. of If we put 7 = 7 , 7 and 5= 
Xn 

[ 


, we ſhall have the fluent equal to h x 


1 
* $ e Jens I 


8 — 7 * 8 * &c. This 


ſcries 


= 
13 
. . 
33 
1 
= 

10 
£K 

. 
ly 4 
15 
1 


—— 
i 


. - 2 * — 


* 
r 
2 a — 2 * 


* © >< 
=. 
1 


” — 


* 
* 
ä 


— 


„ — 
— 


— 


8 


— 5 7 


©, 
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ſeries will break off when 0 is any affirmative mul- 
tiple of y. 


Example. 
To find the fluent of xVa-+-x, we have {= 
yet, AZ}, a, FS, r= 1 . 
2 


So, And the fluent is ax X ;. 


Go 


Of fluents of higher orders. 


£2, In the ſame manner as the quantity x has 


its fluent x, the quantity x has its fluent |x| which 
which is called the firſt fluent of x, and is repre- 
ſented thus x”, this alſo has its fluent x// which is 
the ſecond fluent, this alſo has its fluent x//” which 
the third fluent of x, and ſo on. 

53. Theſe higher fluents are derived from the 


quantity æ by taking ſome invariable fluxion as: W 
which we may ſuppoſe = 1, Then x” il, 
x" Ni i), * S , &c. In the lame manner 


we may fappoſe r = ; X = 5 1 => Ke. 
10 
Example. 
Let x* , ſuppoſe w =x = 1. then y=a*x 
3 x 8 Ix I xxm4S+1 
and I IN 25 therefore 
| u 2 Y xm 


ie — mb = 


whence 


Of FLux1oNs, | 29 
- xm ＋3 2 

whence y — m1 PZ Az ME ſo 
Gs: 


Sect. II. 


Prop. XI. 
To find the fluent of & v, by the help of the higher 


fluxions and fluents of 2 and v“. 


54. Suppoſe r = 2v+-p, then taking the 
fluxions Z = Zu —— 2 v ＋ 5. and p = — 82 , 
therefore Þ = U =— zZv + g, and taking 
the fluxions, — 25 = — 2 — 2% 4 g, 
and g, therefore q = 2 = Ar, taking 
the fluxions, 2 = 22" v --r, therefore 7= 
— 2“ and 7 = — therefore [20] = 2V 


— [20] = 2 — 2ZV + — = 2-2 U ＋2˙ es 
2"6 + &c. Q. E. I. 

35. Or ſuppoſe . = 2 vo p, then taking 
the fluxions ⁊ = S E A-, whence Þ = — 
Zv, And p = — EYE vA, again taking 
the fluxions — Z v' = Zv'— 2v'-|- q, therefore 
7 = Sv" and 9 = I = Sr“ Tr. Therefore 
[=o| 2 | Zv | = 2 — Zv'- By = 2 v— 


Zu ＋ Zv"— &c. Q. E. I. 


* Taylor. Method. Increm. Prop. 1t. 


Example 


\ 


. Rm 8 — — — 25 


W 
"+ 
_ 


— as 


8 
— 


- — * — P — 
CEE" wv 2x 


- vY JETS 
2 


wn. SE 
- * 
— pars 
8 LED . 
= * « - "4 p 
— - * 
* 4 


- » > 2 
— — — 


py 


= 7 1 
— 


. 


- 4 — 
— — — = 1 — 
- - : — — 
— — => — — — 
— « - _ —— — — — 
— - — 


— 2 == 
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Example l. 


56. To find the fluent of &* X 1. 
Make e - fx —=y, Then put & = xx and 


v . Allo let w (art. 53.) = y =»fxx=". 
1 — 

Thenz=75, x3, . E = pn ha = 

„ * ER TA 

6. 6-1 88 by Fe. 2, 2 — L =| 6.5+» | 

* OY 2 K a, 1 RAISE | 

_ 6. bby 6-2, _ = ag Alſo V= 5 

— e : 

* 5 + plas — - > *I. 

* TISTEEIOY 


2. 1 2 X 30 and ſubſtituting 


theſe values the firſt ſeries zv—2z dz &c. be- 
wh 1 
comes . - ee 1395; © = . —2 3 - 
b. 929 
— &c. which is the fluent 4 3 5 —1. 


Suppoſe che fluent of - 


was required, Then 
xx 


i, y=2, A=0, Wa il, y=1--xx, and 


WM 2 ** 4 ** 
the fluent is = 44 — — B —-+- &c 
ET buck. 7 * 


3 
To find the other ſeries we have 2 = A — 
| | W 


12 _ 9— 7 — 92 
„ 22 1 1 
ð̈0õ 


Sect. II. Of Frux1ons. 95a 
2 2 6 9—25 7 5 JF 225 
* 2 = r K —2—1 = — * 


9— 25 2 I 
= — Xx —. Alſo v i, v'=— $a 
23 1 * * 9 5 V A * 3 


. 18 * 25 
UV = ERP” = = Wa“ and 
the ſecond ſeries 2 Zv"+ zv” &c. will be 
* 9 fy y 96—27 5 „ 
af ii for „ fa fo 
which will converge the quicker the greater x” is 


in reſpect of y or e + fx". 


Example II. 


57. To find the Auent of xe. Put 2 rex, 


a ; * r : 
v x= and let w=x. Then 2 , 2 = 


xm+2 =... Mt. ⁊ * 2 . 
m I. m42 © mb? 1 r 


„d rr d 
TIE op 3 — . . „ N 


the 1 91 xv 2 16 12 5 — & c. = 5 


2 


e. Therefore the ſum of the infinite ſeries 


FF o wo. - 


B — &c. = (by Prop. 7) 


- 


— 


— * A | 
” hs 
FRIES Ix 


—_ 
— 


5 ” * a . "— > . ; — — E = 2 N — 


- „ - 
— 
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Example III. 


58. Suppoſe A = IS to find the fluent of 


3 

* 
xxm—1 A. Where m is an even number. Let w— 
A, put S n ix, v=A, then I, bo, 2 


= x", 2 the fluent of = x* A S fluent of hg 
mM N 25 


x"x * * K* 
1 But N or 2 2323 
* *· 4 RE. EF 7 nD 

— 30 e * 1 — Mm — mn 22 
A whoſe fluent = 2 Bs I os 
m MV ewes ] 71. u—3 


1 * 3 


A F I 
—, and 20 — ZU = —x"A_ 
mM mM f 


2. 4 3 The fluent of & 1 A. 


59. If we are to find the fluent of a quantity 
compoſed of more flowing quantities than one, if 
this can be reduced to any of theſe forms. H, 
xy2+- xyz , we may find the fluent by Prop. 
5 and its Corollaries, thus the quantity e y= 
＋ ney = or gel ym may ＋ nxy by ſub- 
ſtituting 2 for x- and v for- is reduced to 27-20 
whoſe fluent is 2 , t t 


60. If the relation of the fluxions is 4 ws -1- 
7 . . . V 
c. = +. = 1 + 4 ＋ & c. Then by art. 


Z 
21; 


Sec. II. Of Fruxioxs. 
21. x &c. is to TVX in a conſtant ratio, or if 
C is a conſtant quantity C/vx= TVX. 


mzz" ny 


mz * 3 — mzy 
5 put z"=y then y = —— = 


and "Z= 42 —=© Therefore Cx or z»=Cx, 
HR ny” 


* 
If mxz" + nzx2=" = xx* multiply by x*=', 
then mxx"—! 2* - n2zx*2'—="=xx}+=—1 and tak” 


xÞ+m 

ing the fluents by art. 59. * 2*' = —— C. 
f by ut. 59 71 * 

x 

And if C ſhould be S o, z'= N 

: . 2 +m 


If == + =" then x" y"=Cz, 


PRO p. XII. 


To find the root y of an adfected literal or fluxional 
equation, involving only two flowing quantities x 
and y where x flows uniformly and its fluxion 
X=1, 


61, Suppoſe it was required to find the root Y 
of the equation 3—a'y + x*y—ax=0, when & 
is very ſmall. Or to expreſs y by a ſeries converg- 
ing the ſwifter the leſs x is. Since x is nearly =0, 
we ſhall have y—a* y nearly = o and y = a near- 
ly. For the ſame reaſon a'y--a*x is nearly = o, 
and y = — x nearly. Suppoſe y = Ax" nearly, 
then ſubſtituting this expreſſion for y in the given 
equation, we have A - Axnj-AxnÞt—_q's 
=0. Now ſince we are to aſſume only ſuch 
terms to determine y or Ax, as will become 

D much 


— _- * 7 1 


e 
ants Y 


— * —_ — 


— 


1 


3 > > 2 5 
RW 8 


52 qe 
I 
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much greater than the other terms, the index of 
the aſlumed terms muſt be leſs than any of the 
other indices 3m, m--2, &c. 

62. To determine this index, draw the rectangle 
ABCD (hg. 2.) and divide it into the equal 
{quares o, 1, m, &c, And taking any fquare in 
the line A D for o, in the lateral ſquares on the 
right hand, write , 2m, 2m, &c. and on the 
row next above that 1, m1, 2m-1, &c. and 
on the next row 2, m-|-2, 2m--2, &c. and fo on. 
From the deſcription of this parallelogram, it is 
evident that ſelecting any two ſquares as 2 and m, 
and making the numbers in them equal and thence 
determining m, and ſuppoſing a ruler E F to touch 
their angular points, then all thoſe fquares which 
are above the ruler will be greater, and thoſe be- 
low will be leis than thoſe firſt ſelected and whoſe 
angular points touch the ruler. And this proper- 
ty will hold good although the numbers of ſome 
ſquares be wanting. | | 

63. Hence is deduced a method for finding the 
index m, for having ſubſtituted Ax" for y, And 
placed the indices 1, n, m4-2, &c. in their pro- 
per places in the parallelogram, make a ruler 
to revolve about ſome external ſquare, till 
it meets ſome other external ſquare, either 
above it, or in the ſame row, then the numbers 
in thoſe ſquares being made equal will determine 
m, and the reſpective terms with thoſe indices be- 
ing made equal to o, will give A. Thus in the 


above example (art. 61.) m2 | | 
ſuppoſe a ruler to re- — — 


volve about 3m, till it 
meets n, then making 


zm n 
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3m=7mm, you will find m==o, allo making A 
a Ax = 0, or A—4 A = o, we ſhall have 
A= + and o, therefore Ax? or + a, is 
the firlt term of a ſeries expreſſing y, when x is ve- 
ry ſmall, | 

In the ſame manner if a ruler revolve about mz 
till it meets 1, then make m = 1, And — Ax. 
aK So, or A=—1, and Ax or—x is the firſt 
term of a ſerits for y when x is very fmall, 

64. If we ſuppoſe the ruler to move parallel to 
itſelf, all the numbers which at the ſame time touch 
the ruler will be equal, and thoſe which ſucceſſive- 
ly touch it, will be contained in an arichmetical 
progreſſion. Thus in the above example, the 
ruler firlt arrives at m and zm or o, next at 1, and 
laſt at m2 or 2. Now o, 1, 2, are contained in 


an arithmetical progreſſion whoſe common diffe- 


rence is 1. 
65. Having ſubſtituted this value of m in the 


equation it becomes ry a'x + Ao. 


Now ſuppoſe the ſeries expreſſing ꝙ be of this 
form, Ax=-+ Bx - ＋ Cx, &c. where the 
common difference of the indices is 4, it is evident 
from Lemma 2. that in any power of y, the com- 
mon difference of the indices will be the ſame. 
Therefore to make theſe indices coincide with 
thoſe og the other terms of the equation, ſo that 
they may be compared together to determine the 
coefficients A, B, C, &c. the common difference 
of the indices, » mult be the ſame with the common 
difference of the arichmetical progreſſion in which 
the indices m, 1, m-þ2, &c. are contained. 

D 2 + 66. 
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66. Having now the form of the ſeries expreſ- 
ſing y, ſubſtitute this ſeries for y in the equation, 
and determine the coefficients by Lemma I. Thus 
in the above example, the form of one of the ſeries 
is z=A + Br + Cx* + Dx + &c. The form 
of the other ſeries where — x is the firſt term of y 
is found to be Ax + Bx* + Cx5 + &c. becauſe the 

. indexes m or 1, and 3m = m2 or 3 is contained 
in the arithmetical progreſſion 1, 3, 5, &c. 


The Coefficients of the firſt ſeries are thus 
388 


= A'4+;A*Bx + AAB. ＋ Bir 


S + . + * A 2 B 

Wo —x= IX —2 

; x Therefore by Lemma 1 and A 
+ 9 z LI ns I _ — — EM 
3 +a, — 4, o. 3A Bag 'B— &=o, 3 


10 q = —— 4 2 1. 

Wl. 3AB* H3A* Ca C Argo, C= - Ax 
| I B* * 

1 new ET, o. Bi4-6 ABC 3A*D 


nb. — = - of 


3 
« 
=— therefore the three ſeries for y are 
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; , E 7 ** 
= 4 xx 48 &c. 
z 7x * 
= — AIT 1 &c. 


2.x 
5 = K - & — = » &c. 


The ſecond caſe is thus reſolved, 


— 0*'y = —& Ax — B- 4*Cx5 

— 0X = - * wy 2 
* = 3 + A + 2A*B c. = 0 
** & FAA B 


Therefore — A — = o, And A= =I. 


— @B + A'+A —oandB=Ax 2 = 


. ATB and C=Bx 3A 
a* 
= =— Therefore y === x — 1 — 
a+ 3 a+ 
_- which is the ſame as the third ſeries in the laſt 
caſe. 

67, When the quantity x is ſuppoſed very large, 
then the index of the terms aſſumed to determine 
y or Ax" muſt be greater than any of the other in- 
dices : This is determined by making the ruler re- 
volve about ſome external ſquare, till it touch ano- 
ther external ſquare, either below it or in the ſame 
row, and making the numbers in them equal you 
may determine m and A. And by making the 
ruler move parallel to itſelf, you will find the form 
of the ſeries, in the ſame manner as before. 


D 3 Example. 
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Example I. 


In the equation of art. 61. making the ruler re- 
volve about m2, till it meets 1, then making 
m-- 2 i, and A—4a'=0, you will find n= —1, 
"ry and the ruler will tucceſſively arrive at 1, 
mor — 1, and 3 % or 3, therefore the form of 
the ſeries is) == Ax + Bx=3 + Cams + Dx, 
&c. whoſe coefficients are thus found; 


* 2 Ax - BA * Cx=3+ Dx=5 
— AX = mo} & * * 
— Oy X — 27A 8 — 
=* =: * X -1- A __ 3A*B 
Therefore A- 2, and Aa, B-4A=o and 
B =&A= a, C- B- A= o, and C=at B 
Aro, D- C4 3A Bro, and DS AC — 
. a 
3A*B = — 348. Therefore y = - A * 5 


* 


&c.=0. 


Here if we make the ruler to revolve about 
m-]-2 tilhit m_ zu, then will m | 2 = 3m, and 
ml. but A Ao, w hoſe root is o, which 
will give the fame icries as before, the other two 
roots are impoſſible, which ſhews that no delcend- 
ing ſeries can be found whoſe firſt term is Ax. 


Example II. 


68. To find the root y of the fluxional equation 
Fx —xr—1t=0., Where x =1. Suppole 
as betore y = Ax® nearly, then 7 = — 7 Ax*=1, 
and lubſticuting the'e values AX ＋ A 


— 
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—x — 1=0, or multiplying by 
*, MAN . A z XK — * = 0. 
And placing theſe indices in the a 
Parallelogram, it appears that we 
may have both an alcending aad . 
deſcending ſeries for y. Whenxis very ſmall ſuppoſe 
the ruler to be applied to m and 1 then m=1, and 
the ruler will ſucceſũvely arrive at m or 1, 2, and 
m2 or 3. Therefore the form of the ſeries to be 
aſſumed tor y is Ax + B + Cx? + Dx*+ &c. 

Whence, 


= 2 2 gu 4Dx* 
&y == B l & 
4 22 


— K 2 jd — 1 Sa 
— 1221 + . XX * 

Therefore A—1=0o, and A=1, 2B 1=o, 
and B A. 3C+A=o, and C -A 
— 4 DBA and D= - B=, therefore 
Y X T1 „, &c. When x 1s ſuppoſed 
very large, let the ruler be applied to M2 and 2, 
then m--2=2 and m=0, and the ruler will ſuc- 
ceſſively arrive at 2, 1, and m or o, therefore at- 


ſume y = A+Bx—='4+ Ca- Da-, &c. 


xy = Ax + mY Cam! D 
Tj= * * —B 
— K — 1 5 * * 
1 1 Y% * 
Therefore A—1=0, and A=1, B—1=o and 
B=1, C=0, D-Bo and D=B=1, therefore 


I I 
| 4=1p= * TT» &c. 
D 4 Example 


&c. = ©. 


. . ]— -- 


*__- 


— >» > . 


2 
SJ" 


„ £ «iy 7 
un 


—_ 
A. nad. 


_ 


1 _ *D - v4 - * yy 
= LES. 
* — 8 

: N — 


40 The inverſe Method Set. II. 


Example III. 


69. To find the root of the fluxional equation 
J+xj —xy—&5j—1 =O; Put y = Ax, then 


A, j = - Ax, and the equa- 


tion will become AY = K AN]. — 


mA.] AX"—I = AX"—r — 

— WAX" —1=0, or multiply” — 
ing by x, Ax Ax 44 — 
1 220. Bas | | 

When x is very ſmall m=1, and the form of 
the ſeries is y = Ax + Bx* + Cx* + De“, &c. 


S A + 2Bx + 3Cr: + 4D 
+5 =% 2B 6C 15 
— = — A — 2B — 30. &c. o. 
== K XK — 2B — 6C 
—1 2 1 * * + 


Therefore A- Igo and A=1. 4B - AS O 
and B={:A=34, g9C—4B=o and C=; B=, 
16 D- 9C o and D & C=7;. Therefore 
EAX x* + xx x*, &c. When x is very 
large m+1=1 or M So, and mA—+ 1=0, 


—1 


1 * * . * 
Whence A —= — which is infinite, there- 
m oXo 


1 


fore when x is very great, y is infinite. 
70. In the ſame manner we may find the 


root when 5, y, or any other of its fluxions, 
or any power of a fluxion is found in the equa- 
tion, by ſubſtituting Ax for y, mAx"— for , 
m.n—1. A for 5, m. 1 — 1 1— 2 

A 
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Ax; for y, and A* for . 1 — I. Ax —1 
for yy, &c. and then finding the form of the ſeries 
and the coefficients as before. 
71. Since when x is very ſmall, thoſe terms in 
which x is of leaſt dimenſions, and when x is very 
large, thoſe in which it is of moſt dimenſions, are 


to vaniſh, we may make the coefficients m, m. mr 
&c. of thoſe terms in which x in each caſe is of 
leaſt and greateſt dimenſions to vanith or = o, and 
thence determine *, but A will not be deter- 
mined by the compariſon of terms, and is only 
to be known from the conditions of the flowing 
quantity y. 
Example. 


Suppoſe the equation be y4j=0. Suppoſe y = 
Ax", then Ax m. m—1. Az = o. Now 
when x is very ſmall the quantity m. m 1. AX 
where x is of leaſt dimenſions 15 to vaniſh, there- 
fore put . M o and M o or 1. And as the 
difference of the two indices m and m2 is 2, the 
form of the two ſerieſes will be y= A + Bx* + 
CW Dx &c. and y=Ax+Bx'+Cxi+ Dx? &c. 
whoſe coefficients are thus determined. 


= A+Bx Cx* 00 
＋ j=2B +12 C _— 


Therefore 2 BEA o and 32 2 A, 12 C+ 


Stirling. Summat. Serier. Prop. XV. Schol. 
I | 22 


rr 


— 
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I I 
B—oand C — rn 4 et A, 30 D+ 


, mae 
30 720 


fore y A- 4 Ax An 746 A ＋ 


720 
&c. 
The other ſcries is thus determined 


5=Az+ BY + Cv „ 
+ j = 6B + 20C 1D KC. So. 


There fore A + 6B =oandB= — A, B+ 20 


. A. And y = Ax — 


42 5040 
Ax Axs Ax & 
* 1 5040 wa 


When x is very large, the term Ax” muſt va- 
niſh and Ag. Therefore y muſt = 0. 

72. When we have given an equation of this 
form x = ay / + dy *+ &c. to find 5. 
This called r reverſion of a ſeries. Subſtitute 
Ax for y, then O = -& + aAx®= + Ax 
c Ax N. and placing T T T 
theſe indices in the paral- | ' 


— 7 — 


lelogram it appears that ” 


m = 1, and the form of 
the ſcries for y is Ax + 
Bx*4+Cx*'+Dx?, &c. | 

Which being ſubſtituted in the equation we 
have 


of 
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ay = aAx + aB CY 4aDx* 
＋ by* = % A +2bAB+2bAC 
* * 8 * bB* &c =0 
Loy = X * + Aba BE 7 
＋ = & * * ＋ 4A“ 
— Xx —1 * * * 


Therefore aA—1=0 and A = - aBbA*=0 


: b 
and B = — = 3 77 CEB 


nn 34 
S- 3B* + 3cA*B + dA+ = o, and 
"ok 2b AC + bB* + 2c A*B+-dA* 
„ a 
24 be = 4b —bÞ + 3abc —a'd 
. a” 
5abc — 55. a'd x by* 


ft — ey —_—_ 
7 „and therefore y 3 


bb — 56 — 5b*\—a*d 
„„ 


Example. 
Let x=y+y* &. Then a=1, b=1, 


l, andy = x — x* -x &c. 

73. It the ſeries, be x = ay + by'+ of + gy + 
&c. Ihen the form of the ſeries is y=Ax+Ex'+ 
C- Daz &c. 
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ay AL ABY ACX TC Dx- 
Hy= e e 
* * ＋3 A= 5 &c "4.09 - 
= * 2 + Af +;cAB * 
Th "8. aA 


— X — 1 X* * PE | 
Therefore es and A — 75 „ Babb A'=0 
WS 
and B = — if mon 7 aC + AB + 
2 $ 
chmod Cl PEI 
26.— 
— aD -3 AB YA'CH-ceAs 0 
L 1 7 | 

and D = — 30 AB' +354 C+ ;5cA*B NAA IE 


* . 
— 35 — 9 + 3abc + 5abc— ad 


7 a' 
Babc — 12D ma? d x x 
— Therefore y = = + 
— 41 7 — 2 L&c. This 


and the laſt are Sir Isaac NRWTOxN's two theo- 


rems for reverſing of ſeries “. 


4. If the equation be fx N - bx kx, + 
&c. pots mg Ty ch! &c. The form of the 
ſeries for y will be Ax ＋ Bx - W + &c. 


* Letter to Mr. Oldenburg. 24 Oct. War 
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„ Ax BY CY + Dx, 


yu bA*J-4bAB-1-2bAC 
＋ by * 1-bA*+2 ty 


* * 
+ of = *« * ATZ AB 


3 4 7 &c. So. 


&c. 
_ = mf * * * 
— x 2 mu * * 
= Dx) =  * —5 * 
K = I ® * —4 - 


Therefore A—f =o and A=f, BEA 
and B g —bA*, C+2bAB þcAi—b=o and 

=bo2bAB—cA', D-b2bAC-bB*+3cA*Bd- 
dA. kv o and D=k —2bAC—<gcA*BdA'— 
4B* and A, B, C, D, being thus found we ſhal! 


have y=Ax-Bx*++-Cx'-Dx + &c. 
PRO. XIII“. 
75. Having an equation involving two flowing quan- 
tities x and y of which y flows uniformly, to trans- 
form it ſo that x ſhall flow uniformly, 


Let A, B, C, &c. be any quantities compoſed 


out of the powers of x and given quantities, and 


let j=Ax, A = Bx, B=Cx, &c. then taking 
the fluxions 5 AK AN = Bxx+ Ax, 5 = 
B xx2Bx&+ Az ＋ AX = CX 3Bxx + AK, 
AS 
Therefore A = L B = LIND and C = 
I XX 


Taylor Meth. Incr, Prop. 3. 


5 
. ³˙¹QüAm UU wire... 


1 


8 
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„ 22 ” 
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= * ad | 8 
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J—3Bxx—AX 
x. 


Now if y flows uniformly, we have 


A 2, 1 C Wye ene But if x 
a x 


Fi 


flowsuniformly we have AD" = ; „ C= 


Thercfore A is transformed into 5 and x into 
BE i... 2 7" Uh 3Bxx—Ax is transformed into 


A 
Bx3 j 7 
5 and & into —2 = 3 


* * therefore Bx = and & — 2 


therefore ſubſtitute * for & and 3, x — 7 


\ 
for & in the equation and the problem will be 
ſolved. Q. E. F 


SECT: 


5 [ 47 ] 


SE r. III. 
Of Lagarithms and Exponential Quantities, 


Definitions. 


76. The meaſure of a ratio is a quantity of any 
kind which is proportional to the quantity or mag- 
nitude of that ratio. 

The Logarithm of any number is the meaſure 
of the ratio of that number to 1. Thus the loga- 
rithm of A is the meaſure of the ratio of A: 1. 

77. The Logarithms of two numbers added 
together are equal to the Logarithm of their pro- 
duct; becauſe the ratio of A: 1 being added to 
the ratio of B: 1, the ſum is the ratio of AB: 1. 
The logarithm of one number being ſubſtracted 
from the logarithm of another number, the re- 
mainder is the logarithm of the quotient ariſing 
from the diviſion of the laſt number by the firſt; 
becauſe the ratio A: 1 ſubtracted from the ratio 


Se 
B: 1 leaves the ratio 7 * 21 


The logarithm of any number A being multi— 
plied by any number as m, the produc is the lo- 
garithm of the power A“, becauſe the ratio An: 1 
1s n times the ratio of A: 1. | 

If any number of quantities are in geometrical 
progreſſion, their logarithms will be arithmetical 
progreſſion. For let A, B, C, D, &c, be in geo- 
metrical proportion, and a, , c, d, their loga- 


„ A B E x 
h , h al = = — = — 
nthms, then will 5 5 and therefore 


2 — Lb) — (=C—d, Lemma 
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Lemma III. 


78. Let a+ x anda be two quantities whoſe dif- 
ference x is indefinitely ſmall in reſpect of a, I ſay 
the meaſure of the ratio ah:x : a is proportional to 


x | mx ; 
_ hat the ratio 14 — : 1 or 4 . 
—&4 tio 14. — Tux: ais m 


x 
times the ratio of 1 + —: 107 & 4. 


: a ; 
For m times the ratio 1 + lis the ratio of 


+2; 1 or by Lemma 2. the ratio of 2 


= +mx = x >= + &c. : 1, Now ſuppoſe 


the quantity — diminiſhed ad inſinitum, and the 


: : — 
laſt ratio of 1 + =| : 1 will become the ratio of 
__;.-: 
I + 7 1. Q. E. D. 


PRO P. XIV. 
To find the meaſure of any ratio *. 


7G. Suppoſe it was required to find the mea- 
ſure of the ratio between a-+-b and a, ſuppoſe the 
difference 5 to be divided into an infinite number 
of infinitely ſmall equal parts x, and the ratio a: 
a will be equal to the ſum of all the ratios a: 


a, a+2x: a x, a ZX: a+2x; but by Lem- 
Cotes Logom, Prop. 1. 


Sect. III. Aud Exponential Quantities. 49 


ma 3, the meaſure of the ratio a+x: a is as 
* 
> the meaſure of ax: a is 8 and 
in general the meaſure of the ratio ax; 
* 
a+mx 18 As ame | 
Call the quantity mx, y, then the increment of y 


will be x, and the meaſure of the ratio a 
: a-+mx that 1 the increment of the ratio of t: 


@ will be as —— or ſince the fluxions are as the 
increments, = fluxion of the meaſure of the 
ratio a: @ will be as 2 or taking a proper 
quantity as M the meaſure of the ratio a: @ will 


be equal to the fluent of _ when =. Q. E. I. 


Corol. 1. The meaſure of the ratio a: y will be equal 
to the fluent of M 2 


Definition. 


ſyſtem 


meaſures or logarithms. 


Corol. 2. If the ratio between a+y and a be given 


2 


then the fluent of —- 5 will be given, and the flu- 


enz of - of 4 I vil be as M. Therefore the modulus of 


E any 


The _—y M is called the Modulus of the 
0 


—— 


1 — 3 : 7 2 
* 14 as an * * 
- - , pre ne) _ ba 
* I'S — - I 


co ES — | | 
oh An" 2 IE + A 


= as 
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any ſyſtem is as the meaſure of any given ratio, 
and is therefore, i in every ſyſtem, the meaſure of a 
certain given ratio, which ratio is called by Mr. 
Cor Es the modular ratio. 

- ot 


34 2 
80. The fluent of 2 by art. 46. is — 


4 


—— 2 — ee and therefore the meaſure of 


0 + the 1 = 4 uh „: 4 is equal to M x 
1 L 2. 4 if a= 

Fi 2 — 27 4 5 &c. And if a=1 the loga- 
rithm of 1-þy 5 be MXy —+ +75 — &c. 


which ſeries will converge the quicker the leſs y is 
in reſpect of 1. 


If we put = =2;, and comparing the above 


fluxion with that in art. 49 we ſhall have the flu- 
ent = Mxz+32*++ +3 2*+ &c. | 
81. If the logarithm of * be required, let 


: 24x. f 2a 
y Wee ef then y= 8 and. — — 


whoſe fluent by art. 47 is == — +; 42 — dot 3 5 2 cake 
+ + C— oY &c. and Fc" Ol by Cor. I. Prop 


XIV. The logarithm of I; 2 Mx- I * 


82. If we ure to find the logarithm of a which 


ſnall converge the ſwifter the greater x is in _— 
0 
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Mx Mx 
of a, the fluxion of the logarithm i is — 22 = _ 


__ Max =_ MPs — —_—_ &c. whoſe fluent is 
e * 


(becauſe the fluent of ws, is log. x) = log. x4+M x 


6. — - —, &c, 
x 2 3x* 

82. To find the logarithm of the infinite ſeries 
| i+Ax+Br+Co + Dx; &c. The fluxion of 


the logarithm is Mx x 
A + 2Bx+ 3Cr'+ 4Ds + &c. _ M. 
iFAzFBOFCTo NS. " 
Ab2BB—Axxz+3TDABFRI x xt 
+ 4U—4AC +44 BoA'—:B*Xx*+ &c. 


Whoſe fluent is M x Ax + == Xx* + 
i, 
* 
I 11 
D — AAC A*B — A — 2B 
2 2 2 — — X x*+ &c. 
Prop. XV. 


Having given a logarithm, to find the number 10 
which it belongs. 


84. Call the logarithm e, the number 199, 
then by art. 80. e=zM Xy—3y'+IY—3z 4, &c. 
And gi - e z &c. This ſeries 

E 2 re- 


—_= 


us 
1 
" 


—_— 
3 


-* Ay 2.2 
—_—_———— * 
A © n * 4 Ps .5 


3 
* 


. - a» I 
e 


* =: 
r 
4 
_ — 


2 


r 


32 
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_— by art. 72. gives y = = ＋ = + + 
7 + Eh &c. and the number 149 is 1+ 


FN N i 881. ＋ — + &c. QE. I. 


Corol. Here if we ſuppoſe eM the modular ratio 
(Corol. 2. Prop. XIV.) is hat of TEIN 


＋ &c. to 1 or 1+1+- T x5 2 Taxes? „&c. 
to r. 


85. Let the number be = tu then by art. 81. 
I 


e = 2M xx+! Ax Bx A Cx. T &c. and 


L Ar IBC Kc. K +4 x 
＋ FEN - 3 x7 &c. which Oe by art. 73 


1 
n 115 * ——— 23 


———T + &c. and x being found we 


have the number = 
Ix 
86. To find the number whoſe logarithm is the 
infinite ſeries M x ax--bx +cx*-+ &c. Suppoſe 
the number to be Ax CBA -C, &c. — 


paring the logarithm of this ſeries in art. 8 3 with 
the given logarithm, we have Aa, 283A. 


b 
2b and B == * , PT Py 3c and 
C= 
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— Z EZAB— A 3c L 3 ＋- !-. 
5 3 2 1 


3 z 
oy 25 — and the number is 1+axþ Es 


. 6e46abb-0' 
x 4+ ID K* &c. 


PRO p. XVI. 


To find the fluents of quantities which involve both 
a flowing quantity and its logarithm as xx"—" K 
where X repreſents the logarithm of x. | 


87,Let —— and v=X-» and let art. 53.) 


. x 1 5 I : 
= X ==then z ==, 2z=2'|-. yw—15 
* m m 


2 = *, alſo d = 1X", N Xxn—1xX=>, 

and the fluent by Prop. XI. is zv — zZ0 + 2"v — 

&c. Xx. 2 X. + FADED 5 
m m 


n 
xX · =; fl 
&c. Q. E. I. 


88. If VS log. 1— and it was required to 
find the fluent of xx%—" V *. Suppoſe 2 N, 


. x 
v =V and let w (art. 53.) = . then 


®* De Moivre Miſcell. Analyt. lib. VI. 
E 3 _2= 


* XZ * — 2 * - — 4 —_ 
+ y Eo 93 — - S , = — 
2 — - 8 - 
CA ” im... . - — — — 
- X — 9 f — * 7 - 


* 


2 = 
. 3 „„ # 
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2 and Z= — — alſo v=1, and V=0: 
m MXI—X h | 
m—_ 4 1 4 & 
Now —== or 2 —— 
mi—x ĩꝓm XxX —1 n n 
x Fa K* - xx wy 
CW m m = 3. — 
| a! N 
whoſe fluent = 2 2 —— W a 
m MX Moe] m 
And therefore the fluent of Vxx*—'= zv—zv= 
TS Tarn & EE 


O Exponential Quantities. 


89. When a quantity has a variable index it is 
called an exponential quantity, as y* where y and 
x are variable quantities, or a where x only is va- 
riable, it is an exponential quantity of the firſt 
degree when the index is a ſimple flowing quan- 
tity, and an exponential quantity of the ſecond 
degree when the index itſelf is an exponential 
quantity, as 29, 

go. Let the reſpective logarithms of y and v 
be Y and V, then to find the fluxion of * 
put *=2 and let log. z= Z then xY=Z and 


taking the fluxions x Y + x Y = or ſince 
Y == and Z = - the modulus being ſuppoſed 
=1, we have $Y+ © = - = = and Zz=xy*Y 


19. 


＋ > 
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In the ſame manner to find the fluxion of 4y* 
or vs put it = w then w=2v*V-þ z i. But 


S NN Yi Therefore w=z r VY mY 


yy V+ oye ar, 
In like manner the fluxion of — A where 


A = log. à and the fuxien of a =xp* naſe 
Jay A. 


Corol. Hence the fluent of & a*= * 


91. Let the modular ratio be that of e to 1, 
then log. e = M and log. e* = xM and by Prop. 


XV. &=1+ x + 2x*+ + + &c. And in the 
ſame manner — =1 - =:, &c. 


Whence © TTA &, and 


— ĩ＋ 2 wo x*, &c. 


120 : 
If we change the ig of x* then — = COTS 


=1—; „ 4＋ 45 x+ + &c. and 
Latte 
2/—1 
pang " 
If q be gr _— then by Lemma II. 1 77 th 
=D ba = I + = X &c. Sup- 
poſe 9 to be an infinite number, then g—1==q—2 
4 24 


= X—+ * _ Xf wm QC. 


- - * * 
4 8 * 2 _ fx 
= 7 — 7 
> — & — „ _ k py — m 4 3 


- 7 1 <a" = " 


_ 
5 —WV _ 
P 


— 


Pp 4 
. * \ , * N 
— r 2 l 5 
. * 
. — * — 


FR „ 88 m 
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= 4, and Ii = 1+x+ix*+; Nc. = &, 
r 


In the ſame manner 1— == 1 ,, 


&c. 
92. fo a be a number 8 logarithm is A, then 


log. a. and a +7 + —- axe n+ &c. 


Let log, x X then x =1 + 1 =_ — = 
X* | 2X 2X* 
Ni + &c. F 


See. W ＋ &c. and * and ſub- 


ſtituting theſe values 242 Nl + 3 
2 T 6A'X+ A As 2 


—_ 7 92 &c. 


If a=x, 1 M = M. T G 881 4 
&c. 
X* 


Since log. x*=xX and x=1 + 8 + mM + 


& c. we have log. *=X ” 1 + = + &c. 


=M x 4＋ 1 —— I &c. which compared 


mm the . in art. 86. gives the number x*=1 


IN TEN N cs + 


X 


M 
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I + 175 - r. ＋&c. which is the ſame 
as we found above. 


In the 438 manner s x"=x* x log. X- 
X. X* 3X, 
1 + ee =O + a be ab _ 


whoſe number by art. 86 is = 1 4+ 1. Co 
16X' M Ty 
1 2 NI + &c. XR 


The meaſure of any ratio as of a ＋ y to a the 
modulus being M is thus expreſſed M * 22. 8 


PRO pP. XVII. 
To expreſs fluents by the meaſures of ratios, 


By art. 7 the fluent of e, is , 
93+ 9 42 


therefore the fluents of all quantities that can "I 
reterred to this form, may be expreſſed by the 


meaſures of ratios, 
* I. 


To find the fluent of = I, —. make u N, 
as 

. ofa dxx—" =— N and — 

f 7 n 


which compared with the above 


75 IN 
1 gives a=e, M = 3 , and the fluent 


-e. 
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| 2aMx , Jay 

94. By art. 81. The fluent of > is M | — 
2aMN . 


and in the ſame manner the fluent of . — is 


M NA. 3 W 
Naz 
| Example II. 


To find the fluent of _ — „make v N. 
ef * N= 
then i = 2NN and 2N = N = 


| — = wax —1 * and therefore = . 


24 
7 7 * N. - which compared with the _ 
| 2 

gives bog 3 2a M = M = If 8 


| 9 
q 7 
An the fluent is — _ N=. 


7 *** 
if 2 * 2 79 7 


or 297 ; Make R=v/ , 1, 


—_ W „then the fluent will be 
N T. = ſince the ratio of R4-T to T—R or 


22 to TT-RR or SS is double . ratio of 
R -T 

R-ET to 8, the fluent will 2 > dR| == 
Example 
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Example III. 
* y_ RE le.. f „ 


ax 
To find the fluent of x I 
e — x . 
1 — ” N m_—_— N N d 
— If Ni, then 7 2 an 


r =acNN Since ——) = 


= — * _ which may be compared with the 


fluxion in Example II. where d = 1 , eh 


and f= 1, R=vf;T=N = 2 8 v< 


x" 
and the fluent is 7 R —.— 
* 


Example IV. 


To find the fluent of = This fluxion by 


4 BY — 
diviſion becomes, KX 5 7X x EE Tn © 


The fluent of the firſt part is 7 xi and the 
* 


fluent of the ſecond part by Ex. II. is — X - * 


RAT R 
R —. I = 74R =, e „Tr, 


S= 
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== » therefore the whole fluent is 


- 49 42 % E. 


Example V. 
To find the fluent of dxx ev. make H 


= . then 2 NN -i and & = L X 


Ne 
(banken 8 — * N 


Ng 
. 4 : 
and therefore dxx= V = — X * 


—24 NN 


” e— N. — 
in Exam, IV. where 4= 2 GORE, FAI, R 


Je, T r and the 
24 r [RTE 24 
fluent is _ N — — 21 _ „ee — 


which may be compared with that 


6. In the ſame manner the fluent of XX —1 


VU % 45 N＋ E. AR [EZ where R=v}, 


1 5 1 and N=T. 


7. The 
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| OS 
7. The fluent of dxx1=—" Ve- is w 4 > 


Nee AR — = — 27 ov — 


4 . 


8. And the fluent of dxx- z He- N is 
— 5 2 RA-T 
N * ＋ dR |= , 
Thoſe oh would hs more of this kind may 


conſult the excellent Mr. CoTes's Harmonia Men- 
furarum, Part. II. 


[ 62 ] 
S Br. IV. 
Of curve lines and drawing of tangents, 


Definitions. 


95. Let AD (fig. 3.) be a right line given in 
polition, and the point A in it alſo given; and 
ſuppoſe a variable line as OP to move always pa- 
rallel to itſelf, ſo that its extremity P may trace 
out the curve DP, then the right line OP is called 
an Ordinate and the line AO the diſtance of the 
ordinate from the given point A is called the ab- 
ſeiſſ. 
An equation expreſſing the relation between the 
ordinate and abſciſsa is called the equation of the 
curve. - 

If the relation of the ordinate and abſciſsa can-be 
expreſſed by an equation which involves only the 
ordinate and abciſsa together with invariable known 
quantities, then the curve is called an algebraic or 
geometrical curve ; but if it cannot be ſo expreſſed 
it is called a mechanical or tranſcendental curve. 

If ncither the ordinate or abſciſſa ariſes to above 
one dimenſion in the equation of the curve line, 
then the line is called a line of the firſt order. 

If they arrive at two dimenſions it is a line of 
the ſecond order; and ſo on. | 

96. By altering the beginning of the abſciſſa, 
the number of dimenſion of the equation will nor 
be altered. For let C (fig. 3.) be the new begin- 
ning of the abſciſs, and call the ordinate OP, y, 
the firſt abſciſſa AO, x, the new abciſſa CO, 2, and 

- AC 
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AC, a. Then will AOzACH-CO, or a+2z==x, 


and ſubſtituting this value for x in the equation, 
the reſulting equation will be of the ſame dimen- 
ſions as the former equation, becauſe a and x 
are of the ſame number of dimenſions and ſo alſo 
are their powers. 

97. By altering the angle AOP, which the or- 
dinate contains with the baſe AO, into the angle 
ANP, the number of dimenſions in the equation 
will not be altered. For the triangle ONP will 
remain always ſimilar to itſelf, and therefore NP 
is to OP in a given ratio, and NO to OP alſo in a 
given ratio, call AO, x, OP,y, AN, z, NP. v 

and let NP: OP:: 1: mand NO: OP:: : 1, 
then OP nb, and NO==ny=mnv, and X 
AN-NOS Tun, therefore it we ſubſtitute 
theſe values of x and y in the given equation, the 
new equation will be of the ſame dimenſions as 


the former, 


Scholium. By this means we may transform 
any geometrical curve into another of the ſame 
order “. 

98. As every geometrical curve may be de- 
ſcribed by the motion of a point according to a 
certain conſtant law, it is evident that this motion 
mult continue for cver, that is, the curve muſt 
either return into itſelf, or go off ad infinitum, with 
a continued curvature, or two arcs of the curve 
muſt touch one another. 


Hence if the curve has one infinite arc, it muſt alſo 


Newton. Princip. Lib. I. Lem. XXII. 


have 


* 


— - * — R * 
— V , — 0 . 
2 * 8 

1 £ - 8 > 
* . — 5 
Ag : © % — 
- _ % 


- 8 
— 


* 
- 
«© 2 


523 0 


S 
| — 
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have another, for otherwiſe the deſcribing point 
would ſtop. 

Hence ; 
ways even *. 


PRO PP. XVIII. 


A line of the firſt order, or which is the ſame thing, 
the locus of a ſimple equation is always a right 


line. 


99. For the general equation of one dimenſion 
is of this form y - , = o. On the right line 


AB (fig. 4.) take AC 5 and through C, draw 


the right line CP making the angle PCO with 


ACB, whoſe coſine ſhall be to its ſine as 1 to a, 
then will CP be the locus of this equation, for 
take any point P in CP and let fall PO perpendi- 
cular to AB and call AO, x, OP, y then by con- 


ſtruction CO: OP:: 1: a, and CO ==. And 
* AC TCO . or ax==b-+y and y—ax 


+b—0. 
Proep. XIX. 


100. A line of the ſecond order is always a conic 
ſettion, | 


The general equation of two dimenſions is of 
this form. y'+ 7 ＋ ce 
＋ I So. 
6 a 
* Stirling Lin. zti ordin. Prop. I, 
. Inſtead 


ikewiſe the number of infinite arcs is al- 
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Inſtcad of y ſubſtitute v: ax — 44 and the equa- 
tion will become, vi- a*x*bort = ab dx 
40 ab 24 


45 Teo or v*= 7 1 
bb--4e 


4 
Let AP (fig. 5.) be the common Apollonian pa- 
rabola whoſe axis is AO, and let the latus rectum 
p, then x AOS OP*. Or if we call AO, x, 
P,y, px = yy; inſtead of x put z-q then yy=pz 


P4- 

Let APB (fig. 6.) be an ellipſis, AB the 
axis, let the latus rectum = p, and tranſverſe 
axis AB = © then ＋ pt: AOXOB : OP- or 
I TEL : yy, and yy = px — 7x*, Put 


kA then yy = — r2'+þp — 297 X 2＋9 7 
rq*. 

If the curve was an hyperbola (fig. 7.) then r 
will be negative and the equation will be M . 


— — 


Na X 25-09 IT 
By comparing the equations of theſe curves with 
the above general one of two dimenſions, it ap- 


pears that according as —— is nothing, nega- 


tive or affirmative the locus will be a parabola, el- 
| jo 
lipfis or hyperbola ; that is, according as 4 the 


ſquare of half the coefficient of xy in the equation, 
is equal, leſs, or greater than c the coeflicient of 


F It 


R 
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If x* is wanting in the equation then cg, and 
as 4 4˙ is always affirmative, the locus in this caſe 
will be an hyperbola. | 

If xy be wanting then the locus will be a para- 
bola, ellipſe, or hyperbola, according as c is no- 
thing, affirmative or negative, 

101. Let AQB (fig. 9.) be a circle whoſe dia- 

"meter is AB, and center G, Take two right ſines 
OM, Q at equal diſtances each ſide from the 
center, draw the right line AQ cutting OM in 

P. Then the curve which paſſes through the - 
veral points P,p, is called the Ciſſoid of Diocles, the 
point A is called the vertex, the circle AQB the 
generating circle, and the right BR perpendicular 
to AB the aſymptote. 

Call AB, a; AO, x; OP, y then AO.: OP* 
: AC“: or xx: :: -: xxXa=x:: 

— 3 PI 
4—x: xand yy = = Ty — which is 


the equation to this curve. | 

102. Let the right line GS (fig. 8.) and the 
point F without it be given in poſition, and let the 
right line FP revolve about the point F, and let 
the lines PR, pR contained between the right line 
GS and the points P, p, be always equal to a given 
line AG, then the points P,p will deſcribe a curve 
which is called the Conchoid of Nicomedes. 
Let the right line FA be perpendicular to GS 
then the points A, a, are called the vertices of the 
conchoid, the point F is called the pole. 

Ir is evident the curve can never meet with the 
line GS which is therefore called the aſymptote. 


| Call 
1 | 


| * 
11 

= 
: 


41 
10 
1 
1 
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Call the diſtance AG or PR, a, FG, 3 GO. x, 
OP. 5, and let fall the perpendicular PQ on G8, 
then the triangles OPF, QRP are ſimilar and 
FO“: OP.: Og. QR* or E: :* ae xx 
bA-x1* Ka —x* b+x 
— and y = * 
xx * 
Jaa xx which is the equation to the conchoid. 
103. Thoſe curves whoſe ordinates are directly 
as any power of the abciſſa's are called parabola's, 
and thoſe whoſe ordinates are reciprocally as any 
power of the abſciſſa's are called hyperbola's. Thus 
if ya, the curve is called a cubical parabola. 
It * ax? ory=4x α it is called a Neilian or ſe- 


and yy = 


micubical parabola. If y = = it 1s called a cubi- 


cal hyperbola. And in general if y==ax*, it is a 
parabola if is an affirmative number, and an hy- 
perbola if it is negative. | 


ProP. XX. 


104. A curve line cannot be cut by a right line in 
more points than there are dimen/ions in its equation. 


For let the curve PQ R (hg. 10.) be cut by the 
right line OR in the points P, Q. R, and ſince 
the equation expreſſes the relation between the ab- 
ſciſſa AO, and each of the ordinates OP, OQ, 
OR, it is evident that every one of theſe ordi- 
nates will be roots of the equation, and it is prov- 
ed in Algebra that an equation cannot have more 
roots, than it has dimenſions. 


F 2 Coro. 


, — a * - PEI . ah — * IF * _ = 
: * — = . 8 5 — 4 Y ja a A, 
— or — — b- — 2 — — = : 4 - - 2 * ; — ET l - 43 - . — 
' 2 Ms 2 2 AY : — — — — — — — — —— 
2 L , 


- — — en RO — r In 


>a 


" oy 
— 


1 
4 


4} 
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* 1 


Corol. i. Hence a curve line whoſe equation is of an 
odd number of dimenſions muſt at leaſt cut a right 
line in one point, ſince ſuch an equation muſt have 
at leaſt one poſſible root. 


Corol. 2. A tangent cannot cut a curve in more 
points than the number of dimenſions diminiſhed 
by two: thus a tangent to a conic ſection cannot at 
all cut the curve. A tangent to a line of the third 
order may cut it in one point, a tangent to a line of 
the fourth order may cur it intwo points, and ſo on. 
Becauſe a tangent may be conceived to cut a curve 
in two points infinitely near each other. 


Corol. 3. Becauſe the number of impoſſible roots in 
any equation is always even, a tangent to a curve 
whoſe equation is of any odd number of dimenſions 
muſt cut the curve in at leaſt one point; and a tan- 
gent to a curve line, whoſe equation is of an even 
number of dimenſions, muſt either not cut the 
curve at all, or cut it in two points. 


Corol. 4. The two laſt corollaries are alſo true of 
the aſy mptotes of curve lines, which may be conſi- 
dered as tangents at an infinite diſtance. 


105. A tangent to a curve line is a right line 
drawn through a point in a curve, ſo near the 
curve that no right line can be drawn between 
them. ö 

Let AP (fig. 12.) be a curve whoſe baſe is AO, let 
PT be a tangent in the point P, and OP an ordi- 


nate at the ſame point, then OT the diſtance be- 
tween 


= 
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tween the Points O and T where the ordinate and 
tangent meet the baſe is called the ſubtangent ; 
and if at the point P the line PD be drawn per- 
pendicular to the tangent, the line OD is called 
the ſubnormal. + 


106. Becauſe no right line can be drawn to the 
point of contact between the curve and tangent, it 
is evident that the angle of contact contained be- 
| tween the curve and tangent muſt be infinitely 
ſmall, or leſs than any finite angle. 


107. Let the right line PR (fig. 11.) touch the 
curve PQ in the point P, and let the points Q and 
R continually approach the point P and at laſt 
coincide with it, then the ultimate ratio of the arc 
PQ to the tangent PR is a ratio of equality. 


For draw PS and RQS meeting in a remote 

int S, then when R and P coincide, the lines 
SP and SR will coincide, and as the angle RP 
is infinitely ſmall (art. 106.) RQ will be infinitel 
leſs than PR or PQ and therefore R and Q will 
coincide and PR will be equal to PQ. 


Proe. XXI. 


To draw a Tangent to any Curve, 


108. Let AP (fig. 12.) be the curve, OP an or- 
dinate, PT a tangent at the point P, meeting OA 
in T. Let op be an ordinate infinitely near OP, 1 
and draw Pu parallel to AO, call AO, x, OP, y, +l 
then the triangles TOP, Pap will be ſimiliar and 5 
F 3 10 


axis AB=" 
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TO : OP:: 18 mp :: x : therefore ths ſubtan- 
*. 


7 
Alſo the triangles DOP, POT are ſimiliar and 


' DO: OP:: OP: OT: 5 : & and the ſubnormal 


1 


Therefore from the given equation of the curve 
find the relation of gp fluxions x and y, and ſet 


off the quantity OT or? 5 * from O towards A if it 
: : my 


is affirmative, or the contrary way if it is negative, 
then draw TP which will touch the curve in the 
point P. 


To draw a perpendicular find 2 or OD and ſet 


it off from the contrary way from A if it is affir- 
mative, but if it is negative the ſame way, and 
draw DP. 


Example I. Fig. 6. 
To draw a tangent to an ellipſis. 


109. Let the latus rectum be a, the tranſverſe 


+ And the equation is (art. 100.) 
Y ax xx, . the fluxions we have 217 
27 | 


= 0X = 20Xx, and = = , and the ſub- 
y G=m2bx® 


tangent 
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_ 2zy __ 24X — 2bxx 
a—zbx  a—zbs 


tangent TO == = 


And the ſubnormal OD = == = Alx, and the 


perpendicular DH N 10ad-yXI1—b, 
If we make þ negative, the curve will be an hyper- 


bola and the ſubtangent OT (fig. 7.) = = 7 
2ax4-2bx* a 2bx 
, the ſubnormal OD = £4 bx and 


TIE a + 26x 
the perpendicular PD = = 3a 10ay" TI. 
And if S o the curve wi pts a parabola, 


4 the ſubtangent OT (fig. 5.) - =» 2X, the 
ſubnormal OD =! a, and PD = 4/ $44-7Y*. 


a 
| XX = =- 
r 
* 


= . we have this proportion SO: A0 
:: OB: OT and digointly SO: AO :: BS: AT, 
and compounding SO : AS:: BS: ST:: AS: 
ST. | x | 


Corol. 2. Since the ſubnormal OD = 1 a — bx= 


bx = =bxSO,v we have 1 : :: SO: OD or 


as the tranſverſe axis: latus rectum:: SO: OD. 
F 4 Corel, 


„ ff Cvuzxvre Lines Set. IV. 


Corol. 3. Let Q (fig. 46.) be the focus, and let fall 
the perpendicular QY on the tangent, let SN be the 
conjugate diameter to SP and let it meet P 
in L and PD produced in F, then ſince the tri- 
angles QPY, PLF are fimiliar, QP : n 
LP : PF, but by conic ſections LP = AS, an 
PF x PD = SG therefore QP: QY :: AS: — 
e 
+ F TD 4 An . 


Example II. Fig. q. 
To draw a tangent to the Ciſloid of Diocles. 


111. Let AP be the cifſvid, AB the diameter 
of the generating circle, BE the aſymptote, call 
AB, a; AO, x; OP, y; then by art. 101. * = 
2585 
_ and a—* = 7 and taking the fluxions — x 
= — 2. = X -x whence 

oo „ - 
2xf=zx* a+ rx ad == and the ſub- 


2x 
2x 

— — = „ 

* 

2XXu—-X 2AO x OB 2A0 x OB 


—— — — 


Ja—  3AB-2A0 © AB2BO © 


AOx OB. Therefore as AG ＋ BO: AO:: OB: 
AG+EBO 


tangent OT —= 


OT 
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OT. The ſubnormal OD== = 41 r ail I. 


2x3 = 
1 2 2 A0 O 2 
XL ESL EEE 
2XA=——X 2BU 


Example III. Fig. 8. 
To draw a Tangent to the Conchoid of Nicomedes. 


112. Let AP be a conchoid deſcribed with the 
pole F and diſtance AG, call AG = PR, a; FG, 


b, GO, x; OP, y; and QR, V3 then v = -N, 


and by art. 102 y = IM ? and taking the 
fuxions j = N = Bur — 6 = 


xs SE — ind? 2 


therefore — — b — 7 ” 


bo xv - 
2 = whe oy and the ſubtangent 


vx Vx? 1 
— 0 FR buy. Now lace 
* « U A * 


2 * 
by 
PQ:: M:: 7 GR we be GR = 25 and 
ſince b + x = =, Fuzz Therefore OT 2 


GO N OP- 30D * ; PO. 
OY Or * - An whic is equal (-p" 


OP RG, 
will be _ ea 1 Jy (Hen = 


Let 
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Let the tangent meet G in 8, then the tri- 
angles SPQ, PTO will be ſimiliar and SQ : QP 
QP x OP EY, GO GO x OP OP 

:: OP: OT and S "Je = Oo”. 


= => ATR. 


+ |- din: be nd 
Corel. Becauſe == +Z= 12 U 


and &=x*+0v* we have © = <=, 


Example IV. Fig. 5. 13. 
To draw a Tangent to any Parabola or Hyperbola 
whoſe equation is y]. 


113. By taking the fluxions of this equation 


we have y = max*—" x = —_ and oY = there- 
x y” my 


fore the ſubtangent F= — and the ſubnormal 
. | 


* 


x x 
In the common hyperbola (fig. 13.) y = 


» = —1 and the ſubtangent OT = —x= Ar 


In the cubical parabola y = ax, m = 3, and 
OT =. AP. 
When the index m is leſs than 10 and affir- 


mative, the curve will cut the baſe at right 


angles in A, becauſe PT* . + © = 
Jy” 
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* 1 = (when xo) *. And the ſub- 


tangent 4 is SIR to o. 
When is affirmative and greater than 1, the 
curve will touch the baſe in A, for then PT 


- © = = X*X = nr (when x=0) 


—and PT = ==the ſubtangent OT. 


When m is negative the ordinate AG at A will 
be an alymptote to the curve, becauſe PT=y, and 
y in that cale is infinite, 


Of Mechanical Curves. 


114. The mechanical curves are thoſe in which 
the relation of the ordinate and abſciſſa cannot be 
expreſſed by a finite equation, conliſting of the 
powers of the ordinate and abſciſſa together with 
known quantities ; but is expreſſed by means of 
irrational quantities as logarithms, the areas of 
curves, &c. But to expreſs it by means of only 
the abſciſſa and ordinate in finite terms we muſt do 
it by means of their fluxions. 


Of the Lagiſtica or Logarithmic Curve. 


J 16. If on the right line AB (fig. 14.) there be 
taken the parts AH, HK, KL, LM, &c. all 
equal and at the points A, H, K, L, M there be 
raited the ordinates AV, HW, KX, LY, MZ 
in geometrical progreſſion, then the curve paſſing 
through all the points V, W, X, Y, &c. is called 

the 


IR FEISS 24 


" 3 1 >, 2 a», 
8 
RE T p 


»- 


* * > * 
S ye 8 
. "0 od _ * 
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the Legiſtica or logarithmic curve. The right line 
AB is called the aſymptote, becauſe as the geome- 
trical progreſſion of the ordinates can never ſtop, 
the curve can never meet the line AB. 

Draw two ordinates OP, op (fig. 15.) infinitely 
near each other, and let the indefinitely ſmall line 
Oo be given, then the ratio between OP and oP 
15 given, and by diviſion the ratio berween OP and 
V is given. Let the right line PT be a tangent in 


the point P then OT ==X oc OP o 


and Oo are given, the ſubtangent OT will alſo be 
given. 


Call OT, a; AO, x; OP, y; then a , 
and ay =yx which is the fluxional equation of this 
curve, and. ſince ay = yJx we have x = 2 


2 
and taking the fluents by Prop. XIV. Corol. I. 
pe AY x, AV being the. ordinate at the be- 


ginning of the abſciſſa, or a x log. y =x, and log. 


5E, let þ be that quantity whoſe logarithm is 
a 


5 
— then will 7 be log. & therefore log. y S log. 
bx and y==b*. | 
Corol. The ſubnormal OD is S = V. and 
x 


aa 


a 
the perpendicular DP = y/ yy += I Jaaby? 
: | 4 ä 
5 Lemma 
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Lemma IV. 


116. Let AEe (fg. 16) be a circle, AE any arc. 
CD its cofine, DE its right fine. I ſay the 


AC R 
uxion of AF= - x DE» 
Bauen of AF= AC x DE. 


For the triangles Cde, e FE are ſimiliar and Cd: 


ce: F: Ee: BE: At and AE s 
Alſo Cd: de:: F: FE: DE : DC and DE = 
QE. Of Cycloids. 
117. If a circle ARL (fig. 17.) whoſe center is 
C, goes forward on the right line AB, revolving 


round its center in the manner of a wheel, then 
any point as H either within it (fig. 17.) in its 


its circumference (fig. 18.) or without it (fig. 19.) 


by its motion in common with the circle will de- 
{cribe a curve as HP, which is called a Trecho:d, 


or Cycloid, and the circle AR is called the ge- 


nerating circle, and the right AB the baſe of the 
cycloid. | 

Let P be a point in the cycloid, EN the gene- 
rating circle in that ſituation, F its center, draw 
FP and let it cut the circle EN in N, draw PO 
parallel to AB, and about the center C with the 

radius CH deſcribe the circle KMH. And as 
all the points of the circumterence AR continually 
apply themſelves to the right line AE, it is plain 
that the arc EN or AR = AE = OQ = OP + 


OM. But as the arcs AR, and HM are ſimiliar, 
= AC 
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AC: CH:: AR : HM and HM NAR 
_ 2 


Call CII, a; CA, 4; CO, x; OP, y; OM, v; and the 

arc HM, z; then we have 225 * 2 and taking 

the fluxions 2 = - xy --v) But by Lemma IV. 
4 


s = theref = 
= — = — — therefore — = — 
* V V b * 


1 


e 
— Pn A 


the ſubtangent OT = == 22 pens” - 5: OB 


Therefore AO : Om:: PO: OT, but the two right 
angles AOm, POT are equal, therefore the tri- 
angles AOm, POT are ſimiliar and the angle mAO 
equal to the angle TPO, and if the tangent PT is 
produced till ic meets Am in G, the angle AGP 
will be a right one, that is, the tangent PT is 
perpendicular to the line Am, and conſequently 
the perpendicular PD is parallel to Am. 
Cerol. In the common cycloid a=b and &: 8 


v: a-px whence x* : y* :: b: a+): : : -x: & 
and & 1 a abs :: AL: AO and 
5 = = = a given quantit 
XO * 2 . = 7 8 9 Y. 
118. If a circle BPV (fig. 20.) whoſe center is 
D, revolves on the circumterence of another circle 
AB, either within or without it, and by a point 
as P in its circumference it deſcribes a curve AP, 
this curve is called an Epicycloid. In which as the 
ſeveral * 


- r 5 2 — A — 
8 23 Po 5 : % n * E #4 , 4 . 4 : * 
_ c : - — — er 1 * A 
- — + a a 4 4 : hn He oe r * * 
— * 1 — os + g ＋ ” LF.” x * * = _ — >. If *y F 2 * "J=* wy —= A 3 = = * wx 
— ; * — 2 N r 2 * - . 2 — — 2 — . — — . - — 
1 2 — — N CONDI IDS” 2 — E — - 5 - 


2 2 
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————— 
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ſeveral points of the circular arc BP continually 
apply themſelves to the arc AB, it is evident than 
AB — BP. | | 
And as the circle turns about the point B in its 
revolution, it is plain that the right line BP is per- 
pendicular to the curve AP, and that the line VP, 
which is perpendicular to BP, being produced 
will be a tangent to the curve AP ia the point P. 


Of Spirals. 


119. If inſtead of expreſſing the curve by the 
relation of the ordinate and abſciſſa, it is expreſſed 
by the relation of the right lines SP meeting in a 
given point 8 (fig. 21.) and the circular arc BF 
deſcribed about the center S, with a given radius 
SB, then the curve is called a Spiral. 

It the arc BF is as SP, the curve is called the 
ſpiral of Archimedes. 

If BF is inverſely as SP, it is called the reci- 
procal ſpiral. 

If BF is inverſely as the ſquare of SP, the 
curve is called by Mr Cor Es the Lituus. 

120, There are ſome ſpirals which cannot get 
without a certain circle, and fome that cannot ger 
within a certain circle, but which continually ap- 
proach to that circle as an aſymprote. Of the firſt 


| kind is that whoſe equation is e i or 2 


Say y in which y cannot be greater than 4. And 


of the other kind is that whoſe equation is > = 


v ay where y cannot be leſs than g. 


And 


- — — 


- — % 2 = 
«4 a . * K 
, 4 L * 2 
1 4 4 DS — 2 — . 2 — T2 "> = * — 7 
= 2 : cf <4 = — . is — = = > > — — 
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And there are ſome ſpirals which are contained 
within a certain angle, as that whoſe equation is 
„ ax -x where x cannot be greater than a. 


PROP. XXII. 
To draw a Tangent to a Spiral. 


121, Let Spf be a ray infinitely near SPF, with 
the center S and radius Sp draw the circular arc 
pn, let PT be a tangent in the point P, draw ST 
at right angles to SP, and let it meet PT in T. 
Then the triangles pnP, TSP are ſimiliar (art. 
107.) and PN: p:: SP: ST, and as the arcs pr 
and FF are ſimiliar, »p : Ff:: Sp or SP: SF, 
whence ex £quo n: Ff :: SP*: ST x SF and ST= 
SP* X E. Call SF, r, SP, y, and the arc BF, x, 
SF x Pn 


then 5. => ; (art. 6.) and the ſubtangent ST 2 


4x 


—— 
. 


ry | 
If SY be let fall perpendicular to the tangent, 
then Pp : :: SP: S and Pp : Ff :: SP: SY x 


SF and SY = A. call the fluxion of the arc 
SF x Pp 
; = I 1 ** | 
SP, ; then Pp = 7 and SY wat” 3 Where 
t 7 , 9 BEE. © x 
7 * * or f =a/y* + x becauſe 
SP* x F/ 


_ % 
Pp = VPE VPA 8 


% 
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* 122. Let the arc BF be as any power m of the 
ray SP, that is let x ::: 7: 4 then by Prop. 


IL. 4 . 22 a or "= WO ad the 
r 


ſubtangent 75 
4 . 
ab 89＋—— 


To find SY we have == _— = 8 
a F- a | * 
ars 7 ** 2 my mz 
8 * 7 17 7 23 arm 28 Whence 
2 m-1 
SY => = == 


la the ſpiral of Archimedes, mz=1, ST — 
and SY = == 


Va 
In the reciprocal ſpiral, m= — 1, ST =: 
"2. 
==4= A given quantity and SY = 
eee of 
. ep Va y* 
ö ——. 2425 
In the Lituus, m = —2, ST — 7 


ee _ _ 
and SY = ITS _ Worm ry, 


123. When m is negative, the ſubtangent will be 
2 . And when x==0, y=® 


9 yy 


which is _— will = o, and therefore * and 


G conſe- 


2 2 2 — * 
FT = 9 2 
Y — 2 ——_ 
SiS EE r= £47: i =£ 
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conſequently y will be infinite, Now the ſub- 


— ma” 


tangent will be o, except when m==1. 


1 


In which caſe it is equal a, therefore in this caſe 
draw SD (bg. 22.) at right angles to SB and equal 
to a, and draw DE parallel to SB, then will DE 
touch the curve at an infinite diſtance, that is, it 
will be an aſymptote to the curve. 

But when mz is any other number greater than 1, 


the ſubtangent being o, the right SB (fig. 23.) 


will be an aſymptote to the curve. 

When #1 is leſs than 1, the curve will have no 
aſy mptote, becauſe then the ſubtangent ma = 
will be infinite. | 

When m 1s negative, the curve can neyer get to 
the center S until after an infinite number of re- 
volutions, for y cannot = © unleſs x is infinite. 
But when + is affirmative, y will = o when 
X= 0: 

124. If SP (fig. 24.) be ſuch a curve that always 
makes the ſame angle with the rays drawn to S, 
then this curve 1s called the equiangular ſpiral. 

Since 1n the triangle SPT the angles SPT, TSP 
are given. the triangle SPT will be given in 
ſpecics, and the ratio SP to ST will be given, 


therefore ſuppoſe PS: ST:: 7 : a. and the ſubtan- 
gent ST will = 25 


In the ſame manner SPY will be given in ſpe- 
cies, and SY will be as SP. 


Since ST =L*—2 we have yx = ay and 


” 
AX 
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2 K, therefore by Prop. XIV. Cor. 1. x is the 


9 
logarithm of y to the modulus a, or —x 4 3 


if x yaniſhes when 1 . Let B be the point 
where y==r, then the ſubtangent SE in that point 
Sa, and the arc BF will be the meaſure of the 
ratio between SB and SP to the modulus SE. 


Tf þ be the number whoſe logarithm is = then 
=== L. I- or log. 5* = L. y and l n. 


1 


| * [ an nev il af- 
or * This curve can never get to S until af: 


ter an infinite number of revolutions becauſe {= 
can never vaniſh unleſs x is infinite. 


Of the Quadratrix. 


125. Let AF (fig. 25.) be a circle whoſe cen- 
ter is G, and if the curve AP is defined by an 
equation expreſſing the relation between the ordi- 
nate OP, and the arc AF, then the curve AP is 
called a Quadratrix. In which the point T where 
the tangent meets the baſe GO may be thus found. 

Call GO, x, OP, 5. AG, r, AF, , GE, 2, 
EF, v. Then ſince EF and OP are parallel GE. : 
EF :: GO: OP or : v:: x : y and y = wx 
whence fy = vx + vx. Now by Lemma 4, 


. i if . YU — rf . 
V=——, and 28 = — = whence f = 
VU . 9 


— 2 
r 


and d = — ſubſtitute theſe values of ? and 


G 2 b, then 


„ 
=» 
+4 . 
* 
N 


. 
— 
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_ 
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. e 
then——=+1j=— ＋ rx, but z wm , therefore 


* 


— 2 2 —.— . e 
5 + : 9 7 + OY y T 
then — 2y* + rxy = #*2 + e Of x) - = 
ERS WI 

= XXY. And x = = * But 


the ſubrangent 012 ===. Therefore GT=6O0 


+ OT = = x GP*. Therefore by the help of the 
equation between z and y we may find ©. and con- 


ſequently GT, and PT being drawn will touch the 
Curve. 


Suppoſe 2 — chen = —— and GT = 
rer = Ep EXPE 
If m 1, that is, if y = 2, GT =>. 

If n , ory:z then GT —— 


PRO. XXIII. 


126. To draw tangents to curves that are defined by 
an equation between the right lines SP, FP drawn 
to two points S aud F (fig. 70.) 


Call SF, 2a, SP, z, PF, v, let fall the perpen- 
dicular PO on SF, and let PT be a tangent in the 
point 
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point P, and PD a perpendicular to the curve in 
the ſame point, and called SO, x, OP, y, SD, 7. 
Then ſince FP'= SP. SF 2SF x SO or wv= 
22 ＋ 44a. —-Aax we have x = ne and 


— — Alſo ſince yy + xx = zz we have 


: : b * 2 
J XX 22 2D ce = x + > 0 
9 + | whence 4 bs 1 
2428 


SN — vV © 
And t being found the ſubnormal x will be 


known and the ſubtangent TO = 22 = 
zX— Xx ; NA 

[—x. 

We may alſo find the perpendicular SY let fall 
on the tangent from the point S. For ST : TD :: 
SY : DP, and ST: T D:: TD — SD: TD: 


1 1 L 

— SD: 5 therefore SY : DP :: DP; DO 

xSD:DPand r Now DO 

t—x, and DO'= - xx, therefore DP. 

OP*'+DO*= it —2tx + zz, and ſince DO x SD 
YZ mes IX 


= It = [x We have ST = 
L VN 


* De Moivre Miſcell. Analyt. Lib. 8. 
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Example. 


127. Let the equation be z + v = 27, 
which denotes an ellipſe whoſe foci are S, F, and 
whoſe greater axis is 21. Then by this equation 
we ſhall have & = - v and ZZ— v0 = 272, and 


= 22s _ 92 
— ZY—VV 7. 
To find SY, we have x — —— 
— 2 5 = (If we put rr — aa = mm) 
12 — um | 12 ms 2 


and 22 — tx = 


whence tx 


M*Z. OZ —- Hz Em Mr —1%T 
— Alſo tx = T — , and 
ET ar ar 


| mirz - M*RNY 
1. — tx therefore it — 2X ＋ zz = 


z mr =π⁹ ZZ mv 3 hy 3 
and t — 21x ＋ 22 = 


C 


MZ 


3 
Vu, whence SY = 75, = m/—* 
In the ſame manner, the perpendicular Fy let 


mv 
fall from F = Fg = m/= and SY x Fy = mm, 


PRor. 
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PR OP. XXIV. 


128. To draw a curve of a given kind to touch an- 
other given curve in a given point, 


Let AP (fig. 26.) be the given curve, BP ano- 
ther curve touching, it in the point P. And let the 
right line TP touch them both in the ſame point. 
By the nature of the curve AP, the tubtangent 
_ OT will be given, and by aſſuming a fictitious 
equation to repreſent the curve BP we ſhall have 
another expreſſion for OT which being made 
equal to the other value of OT will give the . 


curve BP. 
Example I. 


Let the curve AP be a circle whoſe ra- 
dius = 7 and let it be required to draw the 
the parabola BP to touch it in P. Call AO, x 
OP, y, AB, . Then 2rx — xx = yy and rx 


xX =), or = = — whence OT . — 
Van X = 


Aſſume the equation cx AO = OP* or cb-þcx=yy 
to repreſent a parabola, then cx = 2797 


x = - whence OT = _ 25 make theſe two va- 


bi 
Z = Zor cm 
lues of OT equal, then — = —or = 27 — 


2x = 2CO, which determines the parabola BP. 
Example II. 


Inſtead of the common parabola, let it he re- 


quired to draw a parabola, or hyperbola whole in 
4 dex 
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dex is m, to touch the circle AP. Aſſume ch c 
m th — I x — _ d 
= y*, then cx = my J or; = —— an 


10 = which is to be made = —j , there- 


fore c= my— x r—x = my" x CO. 

129. If AB becomes a right line, that is, if it is 
required to draw acurve to touch a right line given 
in pofition, Then x will be to y in a given ratio 


2 : 
as r tos, and OT =x= =, and aſſuming an 


equation to the curve and finding OT, if we make 
the two values of OT equal, we ſhall find the 
equation of the curve as before, 

As for example, to draw a parabola whoſe in- 
dex is mn to touch a right line. Aſſume the equa- 


b 3 my* 
tion Ic cx S which will give OT == 


my” 


my 
therefore 854 22 2 and c = 3 
a s 


And if c is given and y is to be found we ſhall 


re 7 
have 51 = — and y = — ==, 
ms 
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SE r. V. 1 
Of the greateſt and leaſt er linates. ; 
Prop, XXV, 'F 


* ” 
_ . * 


oh. 
— 


130. If y be any quantity compoſed of the powers of 
a quantity x (that flows uniformly) any how com- 
bined with invariable quantities, then ſuppoſing the 
increment of x to be X, I ſay that in the ſame time 
as x becomes x + X, y will become 


pda ot . —_— 
= - 
þ 9 


Fond -—_——_ - 


r . 

30+ box 2 x* 4. . 
For ſuppoſe y A + Bx" + Cxe + &c. and 
let Y be the contemporary increment of y, that 
is when x becomes . let y become y + Y, and 
theſe values being ſubſtituted in the above equation 
it will become y Y=Axx+ NY BNN. 
CXA N &c. and ſubſtituting the values of 
theſe powers by Lemma II. y+Y = Ax"+ Bx. 


CY &c. + 


. m— 1 —2 X 
W r 
AX n—1 X „„ 
WET TO wn THILLDD 


cx. . fo . — ——.— 


| x* 2 3 
But y A* B Cx? &c. and by art. 3472 
mA A B˙ N CR Nc. j. n.1 


Taylor Method. Increm, Prop. VII. * 


go Of the greateſt Se, V, 
AXE dn, 31 . Bx 4-9. / — 1. Cx &= 
&c m. m 1. 1— 2 . 1— 1. 1-2. 


Bx s + &c. and == = Ax" x 2 —— 


Ba- x X | Conte _— = Az" X 


m— IX 8 
em = + Bran. — FT SER 


p = , &c. therefore mm theſe va- 


75 KY 
Q. E. D. 
131. Corol. 1. Let Y be the decrement of y, 


and as x flows uniformly its value before it is x, or 
when J==y—T is x—X therefore 3 the ſign 


Corol. 2. If x =X, that is, if the i meren of 
x be equal to its fuxion then y + Y=y +3 + 


3 HEEL] Io „ 
FA Ke. nd - - 5425 
5 = &cc. 

240 
132. An ordinate is ſaid to be a maximum or 
minimum when it is a greater or leſs than each of 
the ordinates drawn from both the parts of the 
curve adjoining. to that ordinate, It is called a 
max- 
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22 or minimum of the firſt kind when 


th theſe parts are on different ſides of the ordi- 


nate (hg. 27, 28. 31.) 
And it is called a maximum or minimum of the 


ſecond kind when both the parts are on the ſame 


ſide of the ordinate (fig. 29. 32, 33, 34.) 


ProP. XXVI. 


To find when an ordinate becomes a maximum or mini- 
mum of the firſt kind. 


133. Caſe 1. Let the whole curve be either con- 
cave or convex to the abſciſſa AO (fig. 30.) and if 
the tangent PT be parallel to AO, the 3 * OP 
will be either a maximum or minimum, that is, 

a maximum when the curve is concave, and a mi- 
nimum hen it is convex to the baſe. 

Call AO, x, OP, y, and by arr 108, V is to & 
as OP is to the ſubtangent which in the preſent 
caſe is infinite, therefore x: y :: OP: o and y=0. 

To determine whether it is a maximum or mini- 
mum or which is the ſame thing whether the curve 
is concave or conyex towards the baſe, ſuppoſe x 
to flow uniformly and let O =O x, then by 


prop. XXV. wr or y—T=y—y+!5 i 
&c. and op or y+Y 52 Y Cee. 
Suppoſe y = 0, Then y—T= y-+-x j—z &e. 


and AA I +; j++ y. And it 5 does not va- 
niſh, the two ai or, ep will Z both greater 


or both leſs than q or OP according as y is affirma« 


tive or negative, or OP is a maximum when 5 is 


negative, and a minimum when it is an affir» 
mative. 
It 
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If y and j vaniſh, and at the ſame time j does 
not vaniſh, then y—T=y— 2, anch - 
therefore now one of the ordinates wr, op Will be 
greater, and the other will be leſs than OP, which 
1: this caſe cannot be either maximum or mini- 
muitli), \ | 
If y, y and vaniſh and 5 does not vaniſh then 


the ordinate OP will be a maximum when 7 is ne- 


gative, and a minimum when 5 is affirmative. 

Therefore if the firſt fluxion of y together with 
ſome of its fluxions of ſubſequent ſucceſſive orders 
vaniſh, y will be a maximum or minimum when 
the number of fluxions that vaniſh is odd, and it 
it ĩs a maximum when the fluxion of the next or- 
der that does not vaniſh is negative, and a mini- 
mum when it is affirmative. 

134. Caſe 2. If the tangent PT (hg. 31.) coin- 
cides with the ordinate OP, then the ordinate OP 
will be either a maximum or minimum, if the 
whole curve be convex or concave to the baſe. 
and in this caſe x : y :: O:: OP and y will be infi- 
nite in reſpect of x. 

To determine whether y is a maximum or a mi- 
nimum, it 1s plain that y increaſes ſo long as 


y is affirmative, and decreaſes when y is negative, 


therefore if y is affirmative before y comes to 
OP and is afterwards negative then the ordi- 
nate OP is a maximum. If y is firſt negative 
and then affirmative, y is a minimum. Bur if y 
has the ſame ſign both before and after y comes 
to OP, then OP 1s neither a maximum nor a mi- 
nimum. 


Paor. 
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Por. XXVII. 


To find when an Ordinate becomes a maximum or mi- 
mum of the ſecond kind. 


135. Caſe 1. Let the two parts of the curve ad- 
Joining to the ordinate OP (hg. 32, 33.) have their 
concavity turned the fame way. Then the tan- 
gent PT will cut the baſe at the greateſt or leaſt 
diſtance from A, or the line AT will be a maxi- 


mum or minimum. 
Call AO, x; OP, y, then by art. 108. OT = 


and AT= —9 5 — x. But when AT 


is a maximum or minimum, its fluxion by the laſt 
propoſition is either o or infinite, therefore x — 


+57 = _ is either © or infinite, and 5 is 
© or infinite. 

If the curve paſſes beyond the ordinate OP, 
then OP will be neither a maximum nor a mi- 
nimum. 

If the two values of y have the ſame ſign before 
y comes to OP, y will be a maximum if y is affir- 
mative and a minimum if it is negative. 

If the two values of y have different ſigns, y will 
be neither a maximum nor a minimum. 

136. Caſe 2. If one part of the curve be concave 
and the other part convex to the baſe, then the line 
AT (fig.91.) will be neither greateſt nor leaſt, but 
of an intermediate magnitude, and the ratio of 
TO: OP or x : y will be given. 

Call PT, , and draw TB perpendicular to 

TP and let fall the perpendicular AB on TB "my 
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be any point in the curve, draw the ordinate po 
to AO and pm perpendicular to TB. Then it is 
evident that m is a maximum or minimum, of 
as im vaniſhes when f comes to T, pt muſt be a 
maximum or minimum, and its fluxion (by art. 
134.) is infinite, or ſince pt coincides with PT 
when p comes to P, the fluxion of PI muſt be 


z 


> ; * | ** 1 
infinite, but ＋ 9 = or , +1 — whence 


taking the fluxions IQqE = 2 — 2 = infi- 
= +l 
nity. Therefore j is infinite, becauſe x, y and y 
are finite quantities. 5 
The manner of determining whether y in this 
caſe is a maximum or a minimum 1s the ſame as 
in the laſt. | 5 
137. To find when any quantity is a maximum 
or a minimum, we may conſider that quantity as 
the ordinate of a curve, and by the two laſt pro- 
poſitions find when it is a maximum or minimum. 


Example 1. 
138. If the product of two quantities be a, to find 


when their ſum is a minimum. 


a a 
Let the two quantites be x and =, then x + 
* * 


. 3 4 „„ 
is a minimum, make * + ===y then x — —=y 
* 4 Xx * 
N 2a ðx N ; gy 
and +- *= 5, therefore in this caſe J is affir- 
K* | 


mative and does not vaniſh, therefore by prop. 
XXVI. 
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XXVI. y is a minimum when 5 o, or & — 
15 = 0, whence x*—4a==0 and xa, and = 
Va, therefore the two quantities are each =4/a 
and their ſum =24/8. 


Example II. Fig. 35. 


139. Having given the ſum of the legs AB + BC of 
a right angled triangle, to find when the lypotbe- 
nuſe is a minimum. | 


Let AB TBC Da, AB==x then BC = x, 
and AC* =x* ＋ — 24X =_ = 4 + 2X*— 24X 
which is to be a minimum, therefore -a muſt 
be a minimum. Let xx—ax=y, then 2xXx—ax 
=y, and 2xx = y, therefore y is a minimum, 
when y = © or 2Xx — dx =0; hence x= 4 
=AB, and BC'= + a=AB and the hypothenuſe 
AC=;3O=0;. 


Example III. Fig. 35. 
140. Suppoſing the hypothenuſe given, to find when 


the area is a maximum. 


Since the area is to be a maximum, ABX BC 
will be a maximum, and conſequently AB* Xx BC* 
will be a maximum Call AC, 4, AB, x, then 
AC' = 44 — xx and AB* Xx BC = @x* -A 
which ſuppoſe = 2y then &xx — 2x*x = y and 
L — Ox*x* 5, put y o, then a — 
2x*x=0, and * = + a, and j = & X - Ox* 
= — 24* K*, therefore j is negative and conſe- 
quently y is a maximum, when x = + @ or x _ 
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AB = 4, BC V: and the area x ABX BC 


= 8s. 
Example IV. Fig. 36. 


+4. 141. To divide a right line AB into two ſuch parts 

_ that the power m of the part AC multiplyed into 
Lp the peter n of the part CB or AC x CB" ſhall be 
. | a maximum, | 


* 


let y = xz", then X i + n23x"2"-1 = y 
= o, or mz + 1x% = e - Ax 
1 o, therefore mz = nx and x! 


am— lga— 
Taking the fluxions of the above equation 


putting y = © and 
y 


Z = — x We have — mx* — 1x: = —=——, 
4 4K 12 


Therefore 5; is negative and y is a maximum when 
AC: CB :: M: N. LEES 
Example V. Fig. 38. 


= 142. To inſcribe the greateſt rectangle in a given pa- 
rabola ABC. 


Call AG, a, BC, 3, EK GH, x, then AH 
2 —x, and ſince AG : AH :: BC* : FK“ we have 


FK'= XZ and FK' x HG'z LENEDS 


«a 


which 


Set. V. and leaſt Orpinartes. 97 


which is to be a maximum, therefore * — x is 
a maximum, and 2axx — 3. = o, whence 
=24, nd AH= 3 AG. FK* =3 BC* and 
the greateſt rectangle FK x HG = 3 x AG & 
BC x vx: | 


Example VI. Fig. 37. 


143. Suppoſing that gravity atts in the direction of 
ines parallel to BC, and that the point A, without 
the right line BC, is given in poſition to find the fi- 
gure of the curve APC, through which a heavy 
body falling from A will arrive at the point C in 
the right line BC in the ſhorteſt time. 


et the ordinates OP and op, QN and wr be in- 
finitely near cach other. Suppoſe Oo, Nw the in- 
crements of the abſciſſa's, and Py + Il» the ſum 
of the increments of the ordinates to be given. 


Call BO, x, OP, y, na, w, Oo = Nu, x, 
Pn, y, II-, w, and the increment of the arc = 
Pp, f. Ihe velocity in O call V and the velocity 
in QA, v. Then the time in which Pp is deſcribed is 

Pp 


W 


and the time in which IIx is deſcribed is as 


we Pp , Im_ Jx + 
Y and their ſum V + — = —_— + 


1 1 
LENA is to be a minimum, whence 


Vx +y* + v 
given we have 7 = 


So, but fincey + w is 


w, and therefore 
7 


H. 
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ö w ; b a 
Taz = Py 08 that is, 97 1s a given 
quantity. 

Let the velocity V be as x” then — or its 


fx;* 
ſquare 25 is a given quantity. 


In the 3 hypotheſis of gravity 1281 


therefore 2 is a given quantity, which is the pro- 


** 
perty of a cycloid whoſe baſe is BA and diameter 
of its generating circle BC by Corol. art. 117. 


"= 122 then © = a given quantity as _ and 
f = 7 which is the property of a circle whoſe 
center is B and radius BC by Lemma IV. ; 

If o, that is, if the velocity be given then *- 


is a given quantity and y is as t, that is, the figure 
the body deſcribes is a right line. 


Example VII. Fig. 37. 


144. If the arc AC, and the point A, without the 
right line BC be given, to find when the area ABC 
15 a maximum. | 


Call OP, „„ NN, w, Oo, 5 Nw, 2, Pn, 7. 
Ns, w, Pp, F, In, 7 and ſuppoſe # + given, 
alſo let Pull be given, then yx + wz is to be 
a maximum and yx-|- wZ = o, but ſince xf 

* See Sekt. VIII. 
— y*, 
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3 Te, EE 
* and 2'=> 7*— 5 we have & = 2 and 


bY 17 7 as ve? writ 
Z=— = == therefore = —— 
Z x 


2 
, that is, 2. 2 1 given quantity, which 


is the 8 of a circle whoſe center is B. 


Example VIII. 
105 5. Suppoſing that x = VeÞ 5 to find when 
Ax B/ is @ maximum or minimum. 


By taking the fluxion of this quantity we have 
Ax — By = o and ſince & , * we have & 


2 therefore * — Bj =0. or Ay=Bx. 
x 


” aha 1. Hence [Ax] * [By] will be a maxi- 


mum or minimum — 9 = Bx, becauſe 
[ax] — [B By may be be conſidered as the ſum of 
all the Ax—By. 

Corol. 2. If either of the fluents of Ax or By be 
given, the other will be a maximum or minimum 
when Ay =Bx. 

Suppoſe the arc f given to find when the ſoli- 


dity or E Yx| *is a maximum. A _ =} and 


the equation of the curve will be BX t. 
If the diſtance of the point A —. the right 
line BC (fig. 37.) be given, or if the fluent of y be 


given the time of deſcent from A to C or 14 
® See Set. 10. 
H 2 will 
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will be a minimum when Bf = L or B 2 Mas 
V Ve 


in art. 143. 

If the ſurface or [227 be given the ſolidity or 
E will be a maximum when f = 2Ayx or 
= which ſhews that the figure muſt be a 


globe. 
Prop. XXVIII. 


146. Let AP (fig. 39.) be a given curve, and E @ 
point that is not in the curve, given in poſition ; 
to find the point P in the curve, ſo that the right 

line EP ſhall be a maximum or a minimum, or to 
draw a perpendicular to à curve from a given 
point. | 
Let A be the beginning of the abciſſa, let fall 

the perpendicular EG on AO; call AG, a, GE, &, 

AO, x, OP, , draw FP parallel to AO, then 

EF=b—y, GO=FP=x—s, and EP. 

EF*+FP* is to be a maximum or minimum, that 

is bb—2by+ yy + xx —2ax +aa is to be a maxi- 

mum or minimum, therefore - & - 
and xX x—4 =) Xb—y. By this equation we 
may exterminate either x or y out of the equation 

of the curve, and ſo determine the point P. 


AE. l. 
| Example. | 

Let AP be a parabola, the point G the focus, 
and let GE: AG:: 10: 1, then þ6 = GE = 104, 
and the above equation will be xXx—a=y x 10a—y 


Sect. 11. 
or 
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* 2 But by the equation of the pa- 


y X—=38_ * 
rabola 4ax = yy, we have f. = == therefore 


Jy 10— 10—2 404 — ad 
24 K 2 — 7 2240 


„* — Aa 804. voy or 4 44*y — 804'=0, 
which divided by y.? A ＋. 204* gives y—=44=0 


and y = 44 therefore x 2 = 44. Which deter- 


mines the point P. 


147. Corol, Since x X x—a== =j x b—y we have 
*: ::b—y:X—@::EF:FP:: PO: OD and 


OD = = as we found in art. 108. 


— < — <-_ 


2 
— 


1 . E N 


r ES a Ny 4 — 7 
3 ©» 4 1 

_—_ » we + Y n 

r 


LV : 7 : . 
. SS, tyws_ 


_ * +. 7 - - 
8 


— — 5 44 == 


k _ 
Rm Eg ne 


f 
3 
* * 
1 * 
» 5 
Ll 
- 18 
1 
+ 
\ 4 
CES, 
4 
| 4 4 
4 wo 
= 
Ly 5 
n *; 
= 1 1 
1 1 
18 
8 
* 4 ' 
\ : il 
\ : 
2 , : 
* 1 
" 4 
| *r.8 
* 
Pry. 
: | 
+ 
= 
I 
1 J 
, W150 
$4 
3.5 
- : 4 
* 
13 * 
Ti 
, l « 
7 6 
+ 
7 17 
. gb 
1 
+; 
1 
—_—_—_ 
\ 
” 
o "4 4» 
% © 
i» N 
9 57 9 
os» 
. 115 
' 17 
, 
5 24 
. 
4 \ 
_ - x 
7. 
_— 
* * 
A . 
1 
=. 

1% 1 
©; 
"i : 
1 Y 5 

Ls * i 
\ 2 7 
fon i 
4 = 
—_ . 
_ - 4X 
= 
4 T1 
N 
B = + 
: 
1 5 
3 
$ 
7 ; 
a. 
MF 
3 . $ 
* aJY 
* 
1 
* 
10 } 
14 
_ 


i 


4 Ov. 
_ 
qo 


F * * | 


* 


—_ — 


* 


223 


* 


* 
3 
; — 


＋ 
* 
. 


* 
— 


Sk 
— 2 
- — * 


7 
85 


* 
a 1 
Fo 
. 


[102 
SECT. VI. 
Of the Curvature of Curve LIN ESV 


148. THE curvature of any curve, is how 
much that curve is bent from a right line, and 
therefore may be meaſured by the angle of contact 
between the curve and tangent. 

In a circle the angle of contact is the ſame 
throughout the whole circle, and conſequently the 
curvature 1s the ſame in all points of the ſame 
circle, The curvature of different circles may be 
compared together by the following propoſition. 


PRO PP. XXIX. 


149. The curvatures of different circles are inverſely 
as the radii of the circles. 


Let AB, FG (fig. 40.) be two circles, C, E, 
their centers, AD, FH tangents in the points A,F, 
take the indefinitely ſmall arc AB equal to the arc 
FG, and let fall the perpendiculars BD, GH on 
the tangents AD, FH. The angle of contact DAB 


B HG 

is to the angle of contact HFG as * to F:: 
AB. FG. c 

DB: HG: ==: FF EF : AC and conſe- 


quently the curvature of AB is to the curvature of 
FG as EF: AC that is inverſely as the radii. 
Q. E D. IP? | 

150. If a circle be drawn touching a curve ſo 


cloſe that no other circle can be drawn between 
| | them, 
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them, that circle will have the ſame curvature as 
the curve, and is called the circle of oſculation, or 
circle of curvature, its radius is called the radius of 
curvature and center the center of curvature. 
Therefore to determine the curvature of any 
curve, it is only required to find a circle equally 
curve, or to find the radius or center of curvature. 


Lemma V. 


151. Lit APp (fig. 43.) be any curve, OP, op, two 
ordinates infinitely near each other, PT, pt, two 
tangents in the points P, p, to find the ultimate 
ratio of Tt : Pp. | | | 
Call the abſciſſa AO, x, the ordinate OP, , the 

ſubtangent OT, v, the arc AP, , and put 


=, then ot OT-=/T+Oo, but (by art. 6.) 


oft — OT : Oo :: OF”: AO, therefore iT + Oo: 
Oo::v: x and disjointly TT: Oo :: Vx: x, 
But Oo: Pp :: x : I whence T: Pp :: Vx: f. 


Now v 2 and 2 „L 


2* 2* 


therefore V—x= — — and T: Pp = : f 


QE. I | 
Corol. 1. Let fall the perpendicular TK on pt 
then TK: TT:: OP: PT: : f and TK: Pp :: 


. 7 2 5. 


H 4 Corel, 
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Corol. 2. 7 PYG = PN T we have 


7 55 hy 7; * + = 1 + z2* whence 


taking the fluxions — . = EE == and 


157 = * y = yx*Z whence TK: Pp :: 


tix — Px 


XY): t! : + : 7X X H 28 
Corol. 3. In the ſame manner, 5 2 1 + 22 


ö BY 
1+— a 1 I 5 thereſore 


— 7 . fiy—t 5 
N =3x*2 and TK : Pp LL ' 
Je :: N MN: xyt. : 

Corol, 4. Since 2 _ we have 2 = 


22 
brett x* 
and TK: Pp:iyXjx— gx: yt*, 


PRO P. XXX. 


152. To find the radius of curvature at am point of 
a given curve. 


Suppoſing all things as in the laſt article, let C 
be the center of curvature, and CP the radius; 
now ſince the radius of curvature is perpendicular 


to the curve, the angles CPT, Cyt will be right 


ones, and Cp will be parallel to TK, and the angle 
KT will be equal to the angle PC, therefore the 
triangles 
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triangles CPp, pKT vill be ſimiliar and CP: pK 


: Pp : TK, whence CP = — 8xpt _ Ox Þ9 


2 , 


TK TK 
- Pp Po — jt 
whence CP = Re... - X 2 E 


E K* 2 


We may find ſome different expreſſions for CP, 


by the different expreſſions for 4 in the corolla- 


ries to Lemma V. Thus by Corol. 2. 


>. By Corol. 3. 


yt” * And 


rol. 4. 6 ny e 

* = Y - 
by computing any of theſe expreſſions we may find 
the radius of curvature, but we ſhall make uſe of 


that in the next "_— as being the ſimpleſt. 
Corol. 1 Since ?: x* :: PT* : TO:: DP» : OP» 


7 — f'x 2 
we ſhall have CP = f Wig —O0P*;* 


Corel. 2. Let the ordinate OP meet the circle of 
curvature in V, then F Vis parallel to AO, and 


Pf x PO 
PD : PO :: F: PV whence FY = =—5x "PD —= 
ONES — ＋ 3 Wand if CE is 


r 
drawn 


— — 


—__ Xe 


. : EY " f g WIE o 2 2 L 
I "2 FEACTS.. . 


N & | N — 
* 4 . wi — 5 : 
„e re 


WB 


rr 
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$i ate 
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drawn parallel to AO, PE =: PV= 3 
b T 
OP* X > 


E 
1 


Corel. 3. In the ſame manner fV = 
2DP'XOD x a2DP*XxOD * 


Der 5 = F N But 


OD 75 262 52 
Os = D 2, therefore f V = — and CE= 


3 Sp. * 2 
Corol. A Let the curve AP (fig. 41.) be perpendi- 
cular to the baſe AB in the point A, then will 


CPa=DP= = =yz. And if the curve touches 


AL in A then the radius of curvature in the point 
A=r = 2 AL being taken for the abſciſſa. 
183. Let AK (fig. 42.) be the radius of curva- 
ture at the point A, and let the locus of the point 
C be the curve KC draw CM perpendicular to the 
abſciſſa AO, then AM = AO + OM = AO + 
EC=x—== we have alſo CM = OE=PE— 
PO=———y. Call AK, g, KM, . MC, v, 
put 15 = then S=x— wzZ— , and v= — w 


— y, whence ED =— wav) and / 


— * 
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— x = vz-- yz, therefore by the help of the equa- 
tion between x and y, we may find the relation be- 
tween s and v, or the equation to the curve KC. 


PRO P. XXXI. 


. Let PC be the radius of curvature in the point 
55 and KC the locus of the point C. T ſay PC 
touches the curve KC in the point C, and the arc 
KC of the curve KC is equal to the ee be- 
tween PC and AK. 


Becauſe OD =" — yz we have DM=OM— 


00) age = (by art. 153.) vr. 
Since $=X—= v - WE have 5j=X - 2 


* 7 3 
wz, but w= =, therefore w == and j= * — 
| XZ x 


7 y 
- - -b --, and ſince v 
x x . 


R—Wv— y WC have v wv — 9 and 3 = 2z 
therefore the ſubtangent 7 = v2, but we have 


proved that DM is alſo = vz therefore DM is the 
ſubtangent and conſequently CD the tangent: 


Q.E. D. 287. 
f £3 
Call CP, r, and put — { —Z thenr= = 
* 


a7 


* 
* 


R . "> 24 AT "9 
=p * M 3 0 


— 2 and # F= -.. But ſince £ =1+ 


I or Z. =1-+z* we have ZZ = 22 as WE = 


WZZ 


LY 


way "SHS, 


— + - 2 — 4- — 2 £ 
13 
- — 
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wzæ NVQE42 f* 22 DT 
= 2 * r N =. There- 
fore = — wZ—yZ UZ. 

Since by the former part of this propoſition 
5s we have 3*+ v'=v* x 1-+2*=0Z?, and 


the fluxion of the arc KC D = vZ = 7, 
therefore taking the fluents KC = r + C whichis 


to vaniſh when r=g therefore, C — g and KC 
7—g. Q. E. D. 2“. 


155. Corol. Hence if a flexible line or thread in 
length AK + KC or PC be applied round the 
curve KC from C to K, and let the part KA re- 
main a ſtrait line; then by unwinding the thread ſo 
that the part, which is not applied round the curve, 


may be extended in a right line, the end A of this 
thread will deſcribe the curve AP. 


The curve AP deſcribed in this manner is ſaid 
to be deſcribed by the evolution of the curve 
KC. The curve KC is called the Evoluta and the 
curve AP the Involuta. 


156. The variation of curvature, or rather the 
variation of the radius of curvature, is how much 
the radius 1s varied in its progreſs through diffe- 
rent parts of the curve, | 
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PRO P. XXXII. 

157. Me variation of curvature is as the fluxion of the 

radius directly, and as the fluxion of the curve in- 
ver ſely. 

When the moment of the arc is given, it is plain 
that the variation is as the moment of the radius 
of curvature. If the moment of the radius is given, 
let AB, DE (fig. 44.) be two unequal infinitely 
ſmall arcs, and take the arc DG equal to the arc 
AB, then it is plain that the variation through the 
arc DE is the greater, the leſs the arc DE is, and 
the contrary, therefore the variation in DG is to 
the variation in DE as DE: DG; but the variation 
in AB is equal to the variation in DG becauſe AB 
= DG, therefore the variation in AB is to the 
variation in DE as DE : AB or inverſely as the 
moments of the arcs. Therefore when neither the 
moment of the arc, nor the moment of the 
radius is given, the variation will be as the mo- 
ment of the radius directly and the moment of the 
arc inverſely, or as the fluxion of the radius directly 
and as the fluxion of the arc inverſely, Q. E. D. 

158. Corel. Hence the variation of curvature is 
as the difference between the fluxion of half the 
chord of the circle of curvature perpendicular 
to the baſe, and the fluxion of the ordinate directly 
and as the fluxion of the abſciſſa inverſely. For 
ſuppoling the ſame things as in Prop. XXXI. 


: f ' 5 3 5 
7 = UZ — whence the variation or 7 is = = 


= —— but — w = PE = the chord. 

Therefore the variation is the fluxion of PE—-OP 

or OE directly and the fluxion of AO inverſely. 
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Ex AMI ES of finding the Curvature and 


its Variation. 


Example I. Fig. 7, 


159. To find the _— Curvature in an hyper- 
ola. | 


The equation to the hyperbola is (art. 100.) 
ax -N, à being the latus rectum, and; the 


5 : a * 
tranverſe axis. Divide by x then 7 ＋ 3 — 5 


and taking the fluxions = = — or 
— * a 2 A and 2 „ 
2 Y - 255 


— — dl taking the fluxions again, we have 2 


re 7 þ 1333 
6 1 there- 
—2 * - * But - 255 here 
. 
„ . 
— . 
— And the radius of curvature CP = 


DP. 
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DP» 4" AX DFP. * 
„ eee 9 art. 109) — 
a* 1 A 

7 Fa) 


DP» x DPA 
Hence PE = 7 122 OI 2 7 + 


N 1 and PE_OP== — .- 
v= = „iP, and F ng the fluxions v = 


12yX! ＋2 x OD, therefore the variation of cur- 
vature is as 2 1 x OD or OP x OD x 


12X1+6 


a* 


2 EEE 
Since Z= 83 have 52 = — 
(when y = 0) + @ = the radius of curvature in the 
point A (Prop. XXX. Cor. 4.) 

160. If the curve be an ellipſis, (fig. 6.) then 
b will be _— and the radius CP = 


x DP 
2 * 2 *r XI. 
— X Ib, iN the variation of curvature will 
| be as OP x OD x 3 


161. If 


4 
= 
A 
7 
» 
1 
4 
» 
[> 4 


- * 3 = 
os Taro 


— + ibs = Tx — "2 l IC, P i” | 
amore Ye e EIS Yeo” 
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161. If the curve is a parabola (fig. 5.) then 
b S o, and go 9a _ of curvature warts = 


3 
D © x e PE=z+2, and 
the — of curvature will be as - x OD x 


== (becauſe OD = z a. art. 109. )2 Xx OP. 


a 
The radius of curvature at the vertex 41 is —=& 


and the equation to the evoluta is (art. 153.) 


. = x2. But 1 22 


> which being ſubſtituted in the equation, we 


=, and 2 


3 1 2 a av 
have 5+ = — 2 = 9 14 — 5 


— a'v 


but v = — or _ S therefore, s = — 5+ 


hu 3 
l cubing both ſides 5 = _ = = 
2y 4Y ..," 


7 av* which ſhews the evoluta to be a parabola of 


the ſecond kind whoſe parameter is 175 a. 


162. Let APB (fig. 6.) be an ellipſe or hyper- 
bola, S its center, draw the ſemidiameter SN the 
conjugate to SP meeting the perpendicular to the 
curve PD in F, then the radius of curvature 


WE 

CP = Fr , for by conic ſections SN X 2 

SG x SB and DP XPF = SG* whence DP. 
. SG? 
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S6? SGxSN SG! x SN3 
T 


fore ſince - = on we have the radius of curva- 


SB 
$B* SGix SN; 
ture * En 
SN =. 4 


SGx 3B © I = PF 


163. The chord of the circle of 9 that 
paſſes through the center S (fig. 48.) is equal to 
ie parameter of the diameter 58, or let Pb be 
that chord, and from the center of curvature C 
let fall the perpendicular CH on Ph then PH is 
half that chord, aod the triangles PSF, PCH, be- 
ing ſimilar, we have PS: PF :: PC: PH and PH= 


PF x« PC recs 892 * 
meter of the Ames SP. 


164. Let Po be any other chord, which cuts 
SN ia L, join vb, and ſince the right line TP 


touches che circle, the angle Pub = angle TPH=3, 


angle PSL, therefore the triangles PSL, Pub are 
fimiliar, and PL.: PS:: Ph: Pv whence Po 
PS x PG _— 
. P 3 22 Ss - 

If the chord Po paſſes throught the focus then 


PL = ASS AB nnn, * 
Nat 
AB 


Let the chord Py meet the conic fe&ion in Z 
draw the diameter Sg r to PZ, meeting 
I 


he 
tangent 


» Iu == — YEE. 
bias. #4 


r 


2 


* 
— 


54 
1 
* 
* 
7 
7 | 
„ 1 
2 


| PL x P., and PS f. and PZ 2P! = PIT. 
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tangent PT in t, draw rSę the conjugate to Sg 
meeting PZ in , then by conic ſections Sg = 

2Sp* 


SN 28g 


therefore Pv : PZ :: —— ;—= :: SN: Sg. 


| ra, PL 

Let the right line gT touch the curve in g, and 
let it meet PT in T, then PT*: T.:: SN* : 
Sg :: PV: P. 

Let the curve and circle meet in v then Pv=PZ 
and PT T, and SP S Se; therefore the an- 
gle PTS S ITS SD TmP and the angle OPT = 
OPV. | 

165. Let Q (fig. 46.) be the focus, and QY 
perpendicular to the * then by art. 1 — 

5 a * 1 2X 3 
Corel, 2. PD = QY and PD' = x 


whence CP = 45 x PD'= — . — . On the 

right line QP let fall the perpendicular Ce from C 

then QP : QY :: CP : Pe and Pe > = 

— and the chord paſſing through the ſo- 
Pz 

cus = 2Pe= — a 


166. Let AP (fig. 49.) be a parabola, Q the 
P x PD 


focus, then CP = RX 5 For PD; TD X 


OD = 2TQ x 2AQ= ax Q therefore PD' = 
PD 

a * Q x PD and CPE Kt = 

QP x PD. 


"3 Let 
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Let Ph be the chord parallel to the axis AO» 
draw CH parallel to PO, then PD: PC:: DO: 


PC x DO _ QPxDO 
EC and EC or PH = ——— 55 A = 


P and the chord Ph = 4QP = the parameter 
of? the diameter PH. 
Let Po be any other chord meeting the axis in 
L, and the parabola in Z, join vb, the trian les 
TPL, vbP, are ſimiliar, therefore PL:T 


Pb: Po nd Bo n= IHATE on . 


If L be the focus, then TL = a * and 
the chord e= Pb, therefore the — ſing thro? 
the focus is equal to the chord — to the axis, 
that 1 to the parameter of the diameter PH 
= 4 

Biſect the right line PZ in i, and through / 
draw the diameter ie meeting the tangent PT in t, 


x: 
atone HE L = Xe, we 


have PV: P/ :: 4QP x IH: Pl.: 4 x tl: 
4Qe x el: 2QP x : Q. X An Qe, 
whence PV: 2ÞP/ or PZ :: : 

Draw gr touching the — a 0 and meet- 
ing AO in v and let the circle and parabola inter- 
Q, each other in v, then PZ = Pv, and QP = 

Qe, therefore gr PI and the points T, + will 
— and the angle OTP = OTy = OLP and 
the angle OPT = OPL, 


S DIES AF TT IDS TIES En 


* 
* 


"Yo 


D 
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Example II. Fig. 9. 


* 1 167. To find the radius of curvature in the Ci id 
14 | of Diocles. 


1 Call AB, a; 2 THR *. by art. 
4 3x) TH 
1. 6 2 = * 2x = + . _ 


taking the fluxions & = 3 — 14 = 


DP: x _, DP:'Xa— N Ex BO. 
* wa pros err) . A 


The curve touches the right line AB in A, be- 


—_ 2.x 


Therefore the radius of curvature in A is equal _ 
2x* 


(art. 152, Cor, 4) = Ty / = 0 (Since : 
| the 


OD 
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the vertex A. y*= =) therefore the radius of curs 


vature at A is S o, and the curvature is infinite 
or greater than that of any circle. 


Example HI. Fig. 8. 


168. To find the radius of curvature in the N 
of Nicomedes. 


Call AG = 2 az FG, 5; GO, x; OP, 75 
RQ =Vat x a*— x* v and put a* ,. then 
by Corol. art. 112. we have 2 = = ＋ and 


41 
taking the fluxions 3 = 75 — 4 — 


But f = gv and u = therefore * 


<+- . But ſince 


x v 
= t we * 30 == 29 = 30 — 30b— 
— 24*bV* 2 
29 ==q—34*6 therefore = > = — 2 XL 
GY, 44.— 34 _ a* X q— 3 _ 4 x2 2 
OO . LEE i, 
xv 


Now = =5z= OD, and as the triangles PQR, 
FGR, FOP are ſimiliar, PQ: QR: : FG : RG 


by vy RG x OP 
and RG = — and 72 = 7 alſo PR : 


I 3 QR 
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QR :: FP : OP and v. p32; therefore ſubſtitur- 


ing theſe values we have = = 
3 


a Xx FP'xO 2 — 


——  —— — 
FP: Xx UL X FQ — 3KGxUP 


Since 2 = L we have yz = = = 
x xi 


9 * b+*, 


* 


but if Do then x—=+28 and the radius of curvature 
in A or a = — 7 ** — therefore 


as GA: FA :: FA: radius of curvature in A, 
and Ca: Fa:: Fa : radius of curvature in à. | 


Example 
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Example IV. Fig. 5. 13. 
169. To find the radius of curvature in a parabola 


or Lyperbola whoſe equation is y=axn. 
By this equation we have z = 2 = max t, | 
and Z=m.m — 1 . K = . m— 1 XS 
therefore = —m=—_—__ and the radius of 
2 m. 1 — 125 
| DP: x DP: Xxx 
curvature CPS S. X _ . | 


But DO 2 and DO' ===; whence 5 = 


mM * mxDP 
DO: and CP — 


Since DO = WA we havey'= x ” and 


DP. = DO* + DO x DO + = therefore 


_ = ENDO x and CP = 


DP x mx DO i we whence M- iO: DO | 
m—1x DO 
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3 
Since DP* =0D* TOP === + y* we 


| DP*.;' £ my 1 
mall have 55; = = = —= 4- 1 and r X 
x Pa m*y*x+ REED. = = 
3 1. „ 9 * m. n— 1 TRY T 

on _—. 2 IX | 
* when e W Y S —ͤ — R 
m.m—1l.y : +9 M—1 * 
| x | a * . 
INS E24 el and 
m. 1—1. 9 * m —1 . 4 
taking the finions <7 = ntl — 
| —1 


2— m. #—+ m.2m 1.9 2—m.x 


1 


M.m—1 » 8 m. n- 1.5 


and 


1 — — 
the variation of curvature = _ 


Mm.1—-2M.y WM? . * * 


m—I.x m.m—1.y 


In the common parabola y=ax+ (a being the latus 
rectum) and m = *, the radius of curvature CP = 


— : 255 _ Q is the focus, 0 
DPI AQ+ AO DPxTQ 

— d — — — — — 

= AQ and CP; "ba = AT 


as we found in art. 166. PE — — * and 


CE 270. The variation of curvature is as 


In 
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In the equilateral hypetbola (fig. 13.) a; 

and m — 1, and the radius of curvature CP = 

DP x —DO4+ AO __, __ 3 

— 5 þ (becauſe — DO =— F 

bs 
DFN = pp x AP: 
pong = TP therefore 2OP: : 


DP x PT* __ DP ._POxPT? PP» 

o = 00; oP 
and CE = 58. The variation of curvarure ts 
Fat & * 

1 xy * 

170. If the curve AP (fig. 50.) is a parabola, 
and #1 is leſs than 1, it will cut the baſe at right 
angles in A, by art. 113. therefore by Prop. 
XXX. Corol. 4. the radius in A is equal to yz= 


max 1 y = == max π . .. If m=; the curve 


will be the Apollonian parabola, and the radius 
= - = half the latus rectum. | 


If m is greater than 2, or if 2m—1 is affirma- 
tive, the radius will be infinitely ſmall, and the 
curvature infinitely great or greater than that of 
any circle. 

If mis leſs than 2, then 299=1 is negative and 


the radius of curvature will be infinite, and the 
curvature 


FH 
| 
| 
| 


„* 


8 


8 * —T—ẽ˙ 
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— 


—_ * 
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2 
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— Ta. aa „„ FI" 
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LS 
& 


LY * 
o 
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„ ner eo tp es, 
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- LY - 
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1 
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curvature infinitely ſmall or leſs than that of any 

circle. 25 
Let An be another parabola in which On 
is as x*+* or whole equation putting ON — 
V is v == b , call the radius of curvature 
of the curve AP at the point A, r, that of thecurve 


5 R, then R = — and R: :? 
n nXv*: my* : un X — : max :: x: 


ma * 


EFT that is as © to the finite quantity 
= : therefore R is infinitely leſs than r, and | 
nx b. 


the curvature of Ali is infinitely greater than that 
of AP. 

Corol. Hence it appears that there are ſerieſes 
of curves each of which has the curvature at the 
vertex infinitely greater or infinitely leſs than the 
preceding “. | 


Example V. Fig. 15. 
171. To find the radius of curvature in the logarith- 
mic curve. 
Call AO, x; OP, y; OT, 4 then 2 = 
2 222 Zn 
= (art. 115.) and Z= = = - whence 725 


We 2M. 

and the radius of curvature CP = op xx = 
e — 
Op. But Fp: = r therefore P 
Newton Princip. Lib. I. Sect. I. ſchol. 
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4 
re 
„„ eee 
R 


DP» 7 a 


272 27 x OT 
3 
29 — 2 25 


EE wv COT 3D0 
variation of curvature ——— is as  : 
5 OP 


Example VI. Fig. 17. 
172. To find the radius of Curvature in a Cycloid. 
Call CH, a, CA, 4, CO, x, OP, y. OM, v, 
y Ax 
then by art. 117. © =2= and taking the 


0 b : _— x 
therefore 


- 
F , a en Oo PF 42 ©» woe I 4 oe > 42-2 
| a by _ > 4. F . 9 2 £2 , ” 4 


— - 
N 


2 
5 
4 
* 
* 


n 
- 2 by 
22 


a * * 


3 _—_ * 
> ** 8 


e þ 4 
— 2 


- ISVs: ow. 


»* 
—— * 


2 8 
4 N — _ 7 o - - * 
N \ 

a - 6 = * 


»*. _ 
* P 


— "i 
> at 
- * 


r * 


8 — 2 
9 - «- q 
5 = — $- — * , 


— — —— 
— 
. . - \ 
— +a. woods we Cab fo + oy 


— Fs „ <A © 2 - - 
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therefore - = = + Ax 1 
x v F 


IE Alſo ſince the triangles AOm, DOP 


* 3s 
DP? Am Am 
pe ſimilar we have = = 675 = _ there- 


e | DRC: 
ore t e radius of curvature cP = OpiX 2 = 


_ 1 : 
a -r CH CAXCO 
Let V be the vertex hen the abſciſſa CO=CK 
and Am AK and the radius of curvature in V 
AK 1 

CK*+CAxCK © CKx AR CK 

173. In the common cycloid (fig. 18.) a==b, Am 
AOx ALS AC x AO, and CH*4+CA x CO== 
CA x AO therefore cP =2Am, cE=2Om, and 
EP —=2AO. 
Leet VB be the axis, produce it downwards to 
a, ſo that Ba BV — Al., biſe& Ba in « and 
through © draw c parallel to AB, and about the 
center « with the radius x-B = CA deſcribe the 
circle Bua, theniſince «B+ AO x EP=2AO we 
have B = AO and ww = Om and the arc LM 
au. Let ac be the evoluta, then E = c CF 
wc-|-emO,and AB—oc—2m0=AB—oE=OP= 
arc Am — O, therefore wc + #0 = AB—Am= 
Em or wt - ww = arc ap, whence it appears that 
that the evoluta cA is a ſemi-cycloid, equal to the 
ſemt cycloid APV, and whole. axis is A = AL 
and generating circle au. 1 ati 
Therefore the arc of the cycloid Ac = P 
2Am 2B. Since 


£ 
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1 AL —_ 


=—_— 26K E ＋ and > = Low have w = ? 
* 2 aa = ** 
X 7 * 25 and + y= 2v-þy and taking the 1 
—2XX x 
Ro w 7 2 + =—> + | 
ax - XX ö 
2. = — = and the variation of cur- N 
1 * 0 — * LO | 
vature __ _ = a 4 
Example VII. Fig. 69. | —_ 
174. To find the radius of Gramm © ar Is. | 1 


dratrix. 


- Call GO, x, OP, y, GA, r, then the ordinate 


OP is equal to the arc AF and by art. 125. F 
I x =- * at ana HERE, 1 
put x* + yaw? then = = e | 1 
— and taking the fluxions 2 & 7 + x 
25. But avs = ax ayj== 2x8 E. r be 3 
cauſe y = | therefore 2xx T. *r = A 
- = Eadt= EE = 1 


c_— 


29+ 


* * 

2 * 
8 
1 


TY 
— = —— and the radius of curvature 


U 
8 8 2) Xy*— xx OT 

LIES But OP*= OT x OD 
20P x OP* — GO x OT 3 
and OP. COX OT SOT, GD, alſo Pr 

PTXxDTxXOTxGA 

DT x OT therefore CP = 2O0P x OT KGD © 
PT x DT XGA OP x CP 


"Px d FE =p 


PT X DT x GA - PRE. 
—pDxzGDp-: And CE R = 


LED therefore 2GD : GA: DT: CE. 


Example VIII. Fig 51, 


175. To find the radius of Curvature in the curve of 
ſwifteſt deſcent. | 


Call BO, x, OP, y and the fluxion of the arc 
AP, f, then by art. 143. is given quantity. 


on Let 
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Let it = > then a= fe wx FF or 
ar-, and — = +1 and taking the 


na"x 22 x 2. 
fluxions — = — and = ——, 
— = 2 — Now ſince 


a Bofl © "2th a"z* 
— = —— we have =1+ z*= — and 
2 x x" 


X 2 
15 2 And E = = & = 
3 — 2 


=, whence cQ=cE —QE = = — x = 


—" xxand R: Þ :Q:cE: 2—n:2. 


Lemma VI. 


196. Let SPp (fig. 52.) be a ſpiral, P, p, two 
prints in it infinitely near each ober; PT, pt two 
tangents in the points P, p; ST, St prrpendicu- 
lar to SP, Sp; from the point T let fall the per- 
pendicular TK on Pr, to find the ultimate ratio of 


1K 20 Pp. 


From the point S let fall the perpendicular SY 
on the tangent pt meeting th- rangent PP ia y, 
Call SP, y SF, r, th- Buxion of the arc BF, x, 


the fluxion of the curve, f, and the perpendicular 
| SY, 


3 5 2 * — 0 — 
— e , . ⁰ —%ꝓ' VV ⏑—«˙Ü˙»» 


2 SO IEC SES = 5 


o or ny yuan gt =" 
* 
g | 


— 


5 n —_ 
= rl 


<3 >> 2 Sac 


93 * 1 7 
* — 


the ſame right line pt they will 
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SY, z. Then ſince and TK are parallel. TK: 
V:: PT: PF :: PT® : SPR whence TK = 


N x bl. By Pp SP: # SP: 
ee TY * pr AXT. 
QE. I. 


PROr. XXXII.L 
177. To find the radius of curvature in a ſpiral. 


Let C (fig. 52.) be the center of curvature, 
then ſince TK and Cp are both perpendicular to 
be parallel, and 

the angle CpP will be equal to the angle pTK and 
as the right angles CPp, pK T are alſo equal, the 
triangles CpP, pTK will be ſimiliar and Cp: Pp :: 


T 
er: KT and CP == (by LemmaVL) 
2 2 * F but TH = — So Sp Y therefore 
the radius of curvature CP a+ * Ji 2 
Sx — 2 
Q. E. 1. 


Coral. Since the triangles SPY, PCE are ſimi- 
liar we have SP: SY :: CP: PE and PE=; 
chord paſſing through S — ——= = — 

178. If the arc BF be as * or x: 7 * : 45 

zu 
then by art. 122. 2*= 3 or 2 m'y*® 


= 


— — and taking the fluxions 90 — 

— —— * —— and multiplying by 
23 * 1 42 

5 have na HE xJ2y*—5y'S and = = 
3 
RT 25 3 and the radius of curvature 
0 4 

CP = — And PE = 
: ⁊ X 2 XY — mz* 

3 

2 m I X —m2* 


In the ſpiral of Archimedes m CF as 

7 =; and FE =: £ * 

2X 2y — 25 — 2 yy 
In the . ſpiral m=—1. CP 7 


and PE "iP. al 
2 


* 


In the Lituus, = — 2. CPS D — 


k Z Xx 22 —y* 

and PE = --2— + 
22—5 

179. Let SP (fig. 52.) be the equiangular ſpiral, 

then by art. 124. oy S and ⁊ is to) in a given 


ratio as ſuppole c: r then 22 2. * 2 and 


the radius of curvature CP = _ =2 Land PE= 


— 


- 
4 . * - > : 
. * — 
* 


— 


. BY * 5 4 p ww * " 
T 28» . PE > 4 - 2 4 "4 
8 « Y J a ” 
oe WES 8H ww * Sgt 4 6 — 4 
— —2—xõ 2 —— _ _——— 


5 
— 
1 
* 
„ 


3 
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_—_ * 22 U: & we have r 1 2 Zo and 


{== = Z ind as the fuxion of the radius of 


curvature is 7 the . of curvature 


Wy 2 = £ =a given quantity. 

t ct 4 

180. Let AP (fig. 20.) be an Epicycloid, let 
SY be perpendicular to the tangent VP and PO 
perpendicular to SV. Call SB, 3, BD, c, SP, y, 
SY, 2, and BO, 3, then (by 12. 2 Elem. ) SP* = 


SB*--BP* + :SB x BO=SB*4+-BOxXzBD-+2SB 
or y'= * + 25x b+c and taking the fluxions 
Six Te. Alſo becauſe BP and SY are pa- 
ow VB* : VS* :: BP» : SY* and, SY» = 
VS: x _ - VSx VB x BO VS. xBO 

„ nab Da 


2: = and taking the bens 22% = 


ad x Xs 
2c 


22 Xs — = and Z = Zn, therefore the ra- 


2C 
dius of curvature CP = = l 


Wx . But BO:BP:: BP: 
— Z — SY * . ** - 
„„ bl BO 
BY :: SY : VS therefore 5 = = BY nd CP = 
2SDx BP __ BP x3B- SB +SV ve. 
5 = yg — And VS: VS 


Let 
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Let v (fig. 53.) be the vertex, then BP = By 
and vS : vS 7. SB :: By : Co and disjointly 
vS : SB:: By : CB or vS : By:: SB: CB and 
again disjointly Sv : SB :: SB : SC. 


Proe. XXXIV. 


181. Let ARB (Fg. 54.) be an ellipſe and let the 
curve APE, be formed by taking any point R in 
the ellipſe and mating PS SR in ſuch manner that 
the angle ASR may be to the angle ASP in a given 
ratio as m to n, to find the radius of curvature“. 


Let SN be the conjugate diameter to SR and 
let fall the perpendicular RF from R on SN. E 
Call AS, a, SB, 5, SR = SP, y, SN, v, and the 
perpendicular SY let fall from 8 onthe tangent 
PY, z. Let the ſemidiameter Sr be infinitely near 
to SR, let Sp = Sr and on SP, SR ler fall the per- 
pendiculars pn, 79. 
Since the triangles Rr, SRF are ſimiliar, we 
have Rq* : rq* :: SF* : RF> :: SR = RF: : 
a „ 
RF* :: SR . 2 


. 


% and Rp = pH = [== X. Allo 


ſince the angle ASR is to the angle ASP as m to 
u, and ASr is to ASp in the ſame ratio, therefore 
the angle RSr : PSp::7q:pn::m:nandrg = 
m* : „„ b 

= X pn therefore Put = - XP, 


® See Newton. Princip. Lib. III. Prop, XXVIII. 
K 2 and 


— 8 — 4 = 
. | 
. TJ. , * D 


= - 
IS Deas. » 


nm nh'2; 3 pa bey 
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m_ * = Pm J pn; pm X 
v. + 7 ab — ma b* 


. put un — mm = p then 
P & 21. LL thi | 
5 = 7 . . "—. But as the triangles 
SYP. p#P are ſimiliar, SY: SP:: pn: Pp : and 
SÞ: 2 „ 21 
Sor? = * —, there- 


Pp* D v + pb 
fore my v 2 ＋ pa- biz = wa'b'y* or 
2 5 pa*b* 
— = mot and taking the fluxions 


* mic d. But by conics y*+ 
d = a ＋ + therefore v = — I and 
mw a*V'2 EE and 2. = 1 


— 


2 ow 2 
722292 
= „L= * and CP the radius of curvature 


* nmp:ys4 
Z TOY 2 X pa*b*+ — my * 
5 51 When h 4, v=b and 2* = 
121 2 
ma . + path: = a* and the radius of curvature 


1 . = ab*n* 
in — * a 72 —+ ma ONE, pb -m. 
When y, v=aandz =b and the radius 
of curvature in E where SE = SB is 
nab ba*n* 
Ne- = par | mb" Therefore the 
| radius 
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radius of cutvature in A is to the radius of curva- 
ab*n* ba*n* 


ture in E a oo: ©© P or as 


patb ＋- 1: Pham =} T_> P X @b AH. 
Z 


= ab and the curvature in A is to the curva- 
ture in E as 4 — 2 x al. to b. .A. Xa b. 


Corol. 2. The ä in Al is to hs curvature 
2 I ma 1 
bu 2 
pb Ma: Mb and disjointly the difference be- 
tween the curvatures of th. curve in A, and the 
circle is to the curvature of the circle as H = 
to :. 
Since the radius of curvature of the ellipſe in A 
S3. 5. 


is Sor the curvature of the ellipſe in A will 


be to the curvarure of a circle whoſe radius is SA 
as a* : b* and the curvature ol this circle is to the 
difference between the curvatures of the ellipſe in 
A and this circle as þ* : a* +. 

Therctore ex £quo the differe ce between the cur- 
vature of the curve in A an this circle is to the dif- 
ference between the curvitures of the ellipſe in A 
and the ſame circle as * to. 

In the fame man er the difference between the 
curvatures of the curve in i, and of a circle whoſe 
radius is SE or SB 1- to the difference b-tween the 
curva.ures of the cllipſe in B and che ſame circle, 
as m to nu, 


of a circle whoſe radius is AS as —— 


K 3 ProP. 
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PRO P. XXXV. 


182. To find a curve in which the radius of curva- 
ture is inve, ſely as the power m of the ordinate. 


Let the abſciſſa be x, ordinate y, and the 
Auxion of the curve f, then the radius of curva- 


ture will be (by Prop. XXX.) =, I. let f be 


invariable then the radius = * which is to be as 
ar 


Lor if a is a given quantity let it be equal 


5 b 


then y" jt = = & and taking the fluents 
an ants ＋ Cf where C7 is a given quan- 
m1 | 


tity: 1 . 
If C So, the equation is _ = ex or 


gf = m1 N. x and ſquaring both ſides 

of the equation mo.) X 32 u = 

gout xt bp TZ and aun pf = a8 X 

mtr I -. 
If m=2 the equation is y* 7 =X* X 945—y", 

If mi the equation IS y*7* = X 40% 57, 

Which curve is called the elaſtic curve. 


If n So, that is, if the radius is conſtant and 
equal to a, the equation will be yy =x* x 


45 or x = —=— and taking the fluents 
. 

x = Va—y+ which ſhews the curve to be a circle 

whoſe radius is 4. SECT. 


13351 
SECT. VII. 


Of the Points of contrary Flexure and Re- 
fletion. 


183. When one part of a curve is concave, and 
the other part convex towards the baſe, and the 
curve is continued beyond the ordinate that ſe pa- 
rates theſe parts, then this ordinate is faid to paſs 
through a point of contrary flexure. 


PRO pP. XXXVI. 


184. To find when an ordinate paſſes through a 
Point of contrary flexure. 


Let P (fig. 45.) be a point of contrary flexure, 
OP an ordinate drawn through it, A the begin ing 
of the abſciſſa, and PT a tangent in the point P. 

Call AO, x, OP, y, then the diſtance of the 

int T from A will be a maximum or a mini- 
mum, for if the part of the curve next to 1, be 
concave to the baſe, AT will be increaling while 
the tangent paſſes from » to P and will be d mi- 
niſhing while it paſſes from P to p, and therefore 
AT will be a maximum. 

If the part of the curve next to T be convex to 
the baſe, then AT will be diminiſhing while the 
rangent paſſes from to P and will be increafing 
while it paſſes from P to p and conſequently AT 
will be a minimum. 


K 4 Therefore 
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Therefore AT = OT — AO 3 will be 


a maximum or minimum, and taking the fluxions 
Suppoling x invariable —5 —X or _ will 
be cither © or infinite (Prop. XXVI.) and there- 
fore j; will be either © or infinite. 

Take Oo = Ow = x on each ſide of OP, and 
let the ordinates op, wr, mect the curve in p, x, 
and the tangent PT in 7, 1, and ſince x : F200 

NN 
: OP :: To :wr :: To: of we have v7 = = 


—— . 


= LM 
XI —X& . 
— = y—y and „ 

x | x 
Fx5; þ# 


— I ___=y+y. And by Prop. XXV. op 
= 

Jt ft I Fox) &c. =0t tif ox 

—— 12 LD &c. and wr r 75 I 

* 9 &c. = wr |= S — 2 -|- Ws 7 &c. 

Ii j=oand does not vaniſh, then op=0t1-1j 
&c. and wr= wr—j, &c. Therctore the curve 
Pp will lie above the tangent PT becauſe op is 
o:e:ter than of, and at the ſame time the part Pæ 
will {a'l below the tangent PI becauſe r 1s leſs 
than er; and therefore P mult be a point of con- 

trary ſiexure. : 

If 5 and q vanith and j Joes not vaniſh then op 


=0! + 23 j and wr = wr | zA j and _ 
Och 
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both the parts of the curve Pp, Pr, will lie above 
the tangent TP becauſe op is greater than of, and 
r greater than wr, and therefore the point P will 
not be a point of contrary flexure. 

In general if j and any number of fluxions of 
the next ſucceſſive orders vaniſh, the point P will 
be a point of contrary flexure or not, according 
as the number of fluxions that vaniſh is odd or 
even. 

185. If j is infinite, and if the ſigns of 5, before 
and after the ordinate has paſſed the point P be 
different, then the line AT will be a maximum or 
minimum, and the point P will be a point of con- 
trary flexure, if the curve be continued both ſides 
of the ordinate, 

It the figns of 5 be theſame, then P is not a 
point of contrary tlexure. 


Corel. i. When an ordinate paſſes through a 
point of contrary flexure, its firſt fluxion is a max- 
imum or minimum, becauſe an odd number of its 


fluxions vaniſh, (Prop. XXVI.) 

Corel. 2 Tue radius of curvature in a point of 
contrary flexure is either inhinite or nothing. For it 
appears by Prop. XXX. that when x 15 invaria- 


1 . * 4 ® . 9 
ble the radius of curvature is — f being the flux- 
s- 


ion of the curve) but in a point of contrary flex- 
ure, y is either o or infinite therefore the radius of 
curvature muſt be either infinite or o, and the 
curvature o or infinite. 

Corol. 3. Therefore in a point of contrary flex- 
ure, the evoluta either mcets the curve in that 


point, 


138 Of the Points Sect. VII. 


point, or touches the perpendicular to the curve 
at an infinite diſtance, that is the perpendicular ei- 
ther touches the evoluta in that point or is an 
aſymptote to it. 


Example I. Fig. 8. 


186. To find the point of contrary flexure in the 
Conchoid of Nicomedes. 


Retaining the ſame ſame ſymbols as in art. 168. we 


bs EX — But as 2= an * is 
* & * 


bee we have 2 = 2 therefore 2 = 
1 K =* 

So then q— 3b v* =0 or ſubſtituring 
hats values of g and v ; a*b-þx* — 34*b + 3bx =0 
or x + "rhe: be o by che reſolution of which 
equation we may find x or GO and conlequently 
the point P. 


Example II. Fig. 47. 
187. To find the point of contrary flexure in a pa- 
rabola whoſe equation is y=ax". 
By taking the fluxions we have - =. Mm : 


ax*=? which becomes = o when x=o, if m is 
greater than 2. By taking the fluxions again we 
have 
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have 2. m. mo , M2. a1. : = 
| 4 


% 


m. 1— 1. M2 . 1—3. ax" +, 

It , then j does not vaniſh, and the point 
P is a point of contrary flexure. 

If 1==4, then Y o, and jj does not vaniſh, and 
P is not a point of contrary flexure. 

And in general if m is greater than 2, and is an 
odd number, the point P where the curve cuts 
the baſe is a point of contrary flexure, otherwiſe 


not, 
Example III. Fig. 17. 


188. To find the point of contrary flexure in a 
cycloid. 


Retaining the ſame ſymbols as in art.172.we have 


y 2 a- bx PD | 
— = = = 75 And if yo, 4*-pbx=0, 


and 1 4 and v = a. Now ſince 

2 1 + bx have yo" = a*+ bx and tak- 
** 

2 2 == bx or ſince j=0, 


ing the fluxions 
1 
„ e N= 

If a is greater than 6, v will be impoſſible, and 
and if arb, v=o, and J is infini e, and therefore 
in both theſe caſes there can be no point of con- 
trary flexure. 

But 
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But if þ is greater than a, then J will not vaniſh, 
and the curve will h:ve a point of contrary flexure, 
when x is a third proportional to 5 and a, therefore 
take CA: CH :: CH : Co and raiſe the ordinate. 
op, which will meet the curve in the point of con- 
traiy flexure, 

Corel. Let op meet the circle MK in u then 
Aw will te a tangent to the circle HMK for CA: 
Cu :: CH: Co. 


Prop. XXXVII. 
189. To find the point of contrary flexure in a ſpiral. 


Let P (fig. 23.) be a point of contrary flexure, 
PT a tangent in the point P, SY a perperdicular 
let fall  n it from the point S. Then it is plain 
that SY is a maximum or minimum, now by art. 


121. SY == where y= SP, x = BF, r =BS, 


and f — he fl ion of the arc SP, put SY =z 
then (by Prop. XXVI.) > is either © or infinite. 

It 2 and any «ven number of its fluxions of 
ſubk quent ord: is vaniſh, then 2 is a maximum 
or minmmum, and the point P 1s a point of con— 
trary flexu'e, it the curve is contii.ued both ſides 
of the line SP. 

It Z is infinite, we may determine in the ſame 
manner as in ast 134, whether z is a maximum 
or minimum, and P a point of contra'y tlexuie, 

190, Let x:r ::y" : a" then by art. 122, 2'= 
UU : 


a o- my" 


2 
and (art. 178.) = 
5 


⁊ X 
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ZX ml. 2 c which to be = © or infinite 
and therefore m + 1 . y* — mz*=0 (ſince 2 and y 


mult not be infinite) Therefore y* = —. 
m1 
r — 
5255 and m--1 x a** ＋ mw mr x 
m1 

yaw = ay" you whence 52 = — ” X a" there- 
fore y will be impoſſible except -i is negative or 
mM mult be leſs than — I. 


Since 7. — wee have = = 

J . ; 

SEL = 2 —_ taking the 
y * y 

fluxions, ſuppoſing y invariable, and Se, then 


2 I mz m 


— 


ye 3? 4 
therefore — = —— ——- T i. = 
2m-1-2 9 


„ therefore 2 docs not vaniſh and z is a 


maximum, ſince m1 is negative, and the point 
27 „ 1 
P wherey = 4 A is a point of contrary 


m* 


flexure, 4 
In the Lituus, m=— 2 and y = a/3=av/". 


Of 
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Of the Points of Reflection or Cuſps. 


191. If a curve inſtead of being continued be- 
yond the ordinate is reflected from it, both parts 
of the curve having the ſame tangent, different 
from the ordinate, then that ordinate is ſaid to paſs 
through a point of Reflection or Cuſp. (fig. 32, 
33.34. 

It is called a Cuſp of the firſt kind, when the 
two parts of the curve have their convexities 
turned towards each other. (fig. 34.) And it is 
called a Cuſp of the ſecond kind, when the con- 
vexity of one is towards the concavity of the other 
(bg. 33.) 

192. Whenever the curve is not continued be- 
2 the ordinate and does not touch it, it muſt 
orm a Cuſp, and if the tangent is not parallel to 
baſe, the ordinate will be a maximum or minimum 
of the ſecond kind, and the point may be deter- 
mined by Prop. XXVII. 


If the tangent is parallel to the baſe, it may be 
found by putting y=0. 

To determine of what kind the Cuſp is, if it 
is of the firſt kind, the fluxions of the two values 
of AT will have different ſigns, that is, the ſe- 


cond fluxions of the two values of y will have dif- 
ferent ſigns. 


If itis a Cuſp of the ſecond kind, they will have 
the ſame ſigns. 


193. Let 
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193. Let dPD (fig. 55.) be a perpendicular to 
the curve AP in the point P, and let GHgh be 
the evoluta to the curve. Then if 4D is 
an aſymptote to the curve GHgh, and if the 
two parts of the curve GHgh be on the ſame 
ſide of the right line Dd the curve will have a 
Cuſp in P, which will be of the firſt kind, if the 
two parts of the evoluta GH, gh, be on diffe- 
rent ſides of the point P, and it it will be of the 
ſecond kind when GH, gh, are on the ſame 
fide of P. And in both caſes the radius of cur- 
vature will be infinite, and therefore it x is inva- 


riable, = will be infinite, and F = 0. 


Ns the evoluta GH (hg. 56.) paſs through 
P, and have a continued curvature at P, then 
the curve AP will have a Cuſp of the firſt kind 


in P. 


But if GH has a Cuſp of the ſecond kind at 


P, the curve AP will alſo have a Cuſp of the ſe- 
cond kind at P. And the radius of curvature 
So and j will be infinite. 
NE 
Example I. Fig. 57. 
To find where the Ciſſoid of Diocles has a Cuſp. 


195.Suppoſing the ſame things as in art. 167. the 
ciſſoid is not co tinued beyond A and the radius of 
curvature in Argo, therefore the curve has a Cu 
at the point A, which is of the firſt Kind bec 


the two values of y are + V— and conſequently 


the two values of y, have different ſigns. ES 
amp 


/ 


# 
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Example II. Fig. 57. 


196. To find when a Parabola whoſe equation isy = 
ax" has a Cuſp, 


When m is half an odd number, the curve can- 
not be continued beyond A, for otherwiſe y= 


a * — x1” would be impoſlible, and by art. 170, 
the radius of curvature in A — = ma xml 


which when n is greater than: becomes = o 
when x = o, and ſince y = + Var the two va- 
lues of y will have different ſigns, therefore the 
curve has a Cuſp of the firſt Kind at A. 


Example III. Fig. 92. 


197. To find the Cuſp in the curve whoſe equation is 
D eV. 


This curve cannot be continued beyond A, for 
otherwiſe y would be impoſſible, by raking the 


fluxions we have Y = 4X xx"> +: xxx and 


DE SI 
6 81 And when 


x, J is infinite, but when x is not = o but ve- 


x* 


ry ſmall, 5 is nearly = — which muſt have but 
one ſign, becauſe if /x was negative */x*==Vx X 
& would be impoſſible, therefore both the va- 
lues of 75 have the ſame ſign, and therefore the 
curve will have a Cuſp of the ſecond kind in A. 
SECT, 
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S ECT. VIII. 
Of the Quadrature of Curv 2s. 


PRO P. XXXVIII. 


198. If A= x -N: and B = 
Ar N - x N=, I ſoy that deR 15 
(Fa x/B=xwxe+ſfx,)*, 

Put e = 2, x K d and y then 

I 5 
2 3 and / N u = f . 2=1 (art, 
20.) therefore ty = Az = eA + fr = =eAfB, 


1 B 


alſo 3 72 . bmi z>—1—_-_ therefore 


b 
% A I» oY and 1 030 flu- 
Retr wx fB but yo S 


therefore eA PK. 


+ +a xfB= 42 
Corol. 1. Put xx x F then F= 


=eA + fB ran, 
Corol. 2. If A = Ai XK fxÞ—, B = 
Av, C= B Az", D=Cr= Ax", then 


ER and Je A 


Cotes Harmon. Menſur. p. 66. 
. deR 
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beA - E FB = x*z2*; and as B = K —, 
2'—?, for A, B, 6, in the foregoing theorem write 
B, C, 6+ » and then IA. eB ITEM N= 
f<=x+2, and in the ſame manner 2. C 
6 * Au + 2n . FD = X=. | 

Corol. 3. If we put &-ay=s5, then beA B 
& „ eB ＋ 5Þ+;.FC=x*+>; and 
z. C JT / DS. And if 


— 
* 2 7 then x = o and the fluents B, C, D ge- 


. f — 1 * 
nerated while x flows from o to SS will be 


= 4:55 


6. TRY (T2! — A. And 

2 2 22 nd in general the 
fluent of Axm will E 

0.6 F. 8+21....X8+m —y er 
Tan Fa. xm XA K 
m is an even number the ſign of the fluent will be 
＋, but if it is an odd number the ſign will 


1 
9—1 


. | 
Corol. 4. If a=0 or if A —— then 5 =, 


and the fluent of Ax 5 XA. 


. x 
Corel. 5. If A 9 then 9 21, y=2, 


A = 


"3 ad FY 
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A, , = — 1, and $= 2, put N = 
Ax", then N = 13: 5 .... 


N 173.5 
10 1 17.48 X 211 
Scholium I. 


” By this propoſition if one of the fluents A, 
B, C, &c. be given the reſt may be found. 


Let A N - P, B- 


C=xxp—=ive+fr, then ( Au, A2 
and 5 n and by Corol. 2. — e B = 
x—I* uf; ow z neB + 27 CS x 25, or if we 


fx. 2 
put N- = + 5 A v or z = Now, then = 
ae ANB N, and + yeB + 2y/C = x N, 
„N e 
whence B = 7 + 77 TE 3 but by art. 94. A= 
—2 2 RI x"N* 


Fluor 7 therefore B = >= — 


122 1 e RET 
In the ſame manner C = 27 N — 7 B = 
I e en RET xN 
— 6 RET 


2N2 *. n 
4 2 


Scholium 


* 
_ — a — - 
—— —x 0a ow.” = - 


6 
= 
. IO 


2 
n. „ 


n 
_—_ - 4 
: 


Y — 
F — * . 


148 Of the Quadrature Se&, VIII. 
Scholium 11. 


We may alſo find the fluent of ſome fluxions 


by means of another fluent and an infinite ſeries. 


Example. 


200. Let A 2 KX -I yo + p-, B = Ax, 
C =Bx'= Ax, and let it be required to find 


the fluent of A x bx} , = N, by expanding 
this binomial we have N = Ag" + vg? by A + 


9Q³˙²[X— I . V.v—1, y—2 
2 a7 „ * 2.3 Lol hn 


y, y——T 


* A, &c. Ag Lg - B —— — g- 


I], —2 
g=2þC+ . _ q * 8 b'D + &c. 
Where if A is known, the fluents B, C, D, &c. 
are found by Prop. XXX VIII. Corol. 2. and con- 
ſequently the fluent N may be found. 
201. To find the fluent N which is generated 
whilſt x flows from o to Bp put 8 + Ay = 5 and 


by Cor. 3. we have B===xA, C=-+ 


13 


4 WS ha y® 


bas. 
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171 x A, and N rx A 


— = = Bes 
2.3. +1 * 


Xx g= A- &c, = Ag in- 


„ y.v—1.9. T2 . Bier 
e er * 
&c. | 

| 1, If g Se then N= Ain 1— 

91.9. 9+ 


x > ＋— * * X 7 — &. 
pla 4 2. Kant and N AX 
aaa — bxx then 8=1, y=2, a=2, y=2, 
A, e E=, F ==, B= -und N 
nn 
Nane 


— &Cc. a” eas ne 


Coral. 3. If A ==, and N A x 


a — 
Vai — bx* then 1, y=2, A:, v=x4, 5=2, 


eng., f=—1, b=—b, and N Aa x 


; 1. 1. 3 12 1 . 
oy 2.2 ne | 
1.1.3.1.3-5-0' 
3.030543 - 2-4: — &c. = AeX . 
1 a * 
„ 
4+ + 25 


L 3 Corol. 


mr* + 9 Vr. 


150 Of the Ruadrature Se. ap 
Corel, 4. Let A N and N = 


v 


where B 1 then 5 == ” yard, 


& 2 15 2206 — I, „ 7 — 1 
* 1.6 
— 2 — Ta e —ů— 
g=mri, Bil, and N= into ol * 


n B 
2. 6. 8 m* 2. 3.6.8. 10 * 1 


5 7 8 by 


X 


"IT = I 7\om - 6.8.10m 


Prop. XXX VIII. Corol. 3. B = — x A, there. 


3 
NS g= AX 
fore X * 


3 3 320 
Ax „ e Ti. 8. . 


PRO P. XXXIX. 


202. Let AOP (fig. 58.) be am curve, AO the 
abſciſſa, OP an ordinate, I ſay the fluxion of the 
area AOP is equal to the fluxion of the Helle 
mulliplied into the ordinate. 


Call AO, x, OP, 5, and at the point A, erect 


the pei pendicular AL = a given quantity 4, and 
| draw 
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draw LK parallel to AO, draw two ordinates op, 
wr at equal infinitely ſmall diſtances each ſide of 
OP, meeting KL in & and a. Then ſince Oc=Ow 
the trapezium opmrw => 0X OP, and the rectangle 
okuw = 0w Xx OK therefore OK : OP :: okww: 
op :: the fluxion of ALOK : the fluxion of 


AOP (art. 6.) and the fluxion of AOP = Or X 


OK 
AL OK, but ſince ALOK = ax, the fluxion of 


ALOK = ax and the fluxion of AOP = 2 x 
a 


ax =yx. Q. E. D. 
Corol. 1. If the rectangle AO PM is completed 
the fluxion of APM = x. 


Corol. 2. If AP, An (fig. 50.) be two curves 
having the ſame abſciſſa AO, and their ordinates 
are in a given ratio, then the areas will be in the 
ſame ratio. | 


Corol. 3. If in any two curves the ordinates are 
reciprocally as the fluxions of the abſciſſa's, the 
areas will be equal. 

Therefore to find the area AO, find the fluent 
of xy which muſt vaniſh when the ordinate paſſes 
through A, if the area between the ordinates at 
A and O is required, 


L 4 Example 
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Example 1. Fig. 5. 


203. To find the area of the Apollonian parabola 
AOP contained between the vertex A and any 
ordinate OP. 


Call AO, x, OP, y, and let the latus rectum 
= 4 then ax=y* and a 2 therefore the 


. 3 of the area xy = 22 the fluent of which 

is - 2 4 C which is to vaniſh when y=0, there- 

"Be C So and the area AOP = 2 = yg = 
a 

3AOxOP= } of the parallelogram AOPM. 


Example II. Fig. 5. 13. 
204. To find the area of a parabola or byperbola 


whoſe equation is y = 4. 
By multiply ing this equation by x * we _— aye= 
ax 
axx® whoſe fluent is 22 ＋C = r= + C,. 
In a parabola, this area is equal to o when 
x o, and C go, therefore AOP = ==> and 


the area AOP is to the e AOMP 
as 1 to -I. 

In an hyperbola if —m is leſs than 1, the fluent 
will =o when x = o, and therefore the area con- 


tained between the ordinate OP and . 
AG, 
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1 Ka i AO x OP 
AG, infinite in height is equal to r and 
the other part OPH is infinite. 

If — n is greater than 1, then the area AOPGA 
will be infinite, but the other part will vaniſh 
when x is infinite and C = o therefore OPH = 
AO x OP | 

m1 » 

If m = —1 as in the common hyperbola, then 
both the parts AOPG, OPH will be infinite. 


Example III. Fig. 59. 


205. To meaſure the area BEOP contained between 
two ordinates BE, OP, of the common hyperbola. 


Call AB, 3, BO, x, OP, 5, and let AOXOP=4, 
= _ ax | 
nnn and yx N the fluent of 


b 


when x=0 becauſe 45 =o, therefore the area 
BEOP is equal to the meaſure of the ratio be- 
tween AO and AB or between BE and OP, 
the modulus being à or the rectangle AB x BE ®. 
Or if M is the modulus of the ſyſtem of loga- 
| b 
rithms the area BEOP = x log. I 


which by Prop. XIV. is a — which vaniſhes 


® Cotes Harmon. Menſur. Prop. IV. 


Take 
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Take QB = BO on the other ſide of B, then 


the area QREB = — @ (== a © and the 


b bed x 
whole area QQPO=0|— + a 75 — 


12 which by art. 81 = 24 * 


— * 


x5 


* x3 
7 + 35 + 505 &c. 
Example IV. Fig. 1. 


206. To find the area of a circle. 


Call the diameter AB, a, the verfed fine AO,x, 
the right ſine OP, y, then by the nature of the 
Circle y* = ax — xx and the fluxion of the area 
AOP = H= XV ax—:x)which reduced into an in- 
finite ſerics 1 | x „1 Ix x 

nite ſeries is equal æ x 4; i „ 

7 : x 
— Ke. whoſe fluent is = 42 x3 — IE. 
16 3 5a; 

. _ = &c. which is equal to th 

T7 5 c. which is equal to the area 
AOP. 

To find the area of the ſector ACP, the tri- 


angle COP = CON OPS XA 
2 -* X Vx — XX = 5 0,.X: = { 0x) + 


— ＋ #5 + Kc. which added to the above 


value 
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value of AOP gives ACP = 41 * + 2-4 
Zur 5 + 
+ EE. + ©: + &c. 


' 16043 4484 2 | 
Or if we put A for the firſt term, B for the 


ſecond, and ſa on, then ACP gel K 1 + — 


2-3 
A-+ 32 Boo &c. 


Let the diameter AB S a= 1, and let the arc 


AP = 60 degrees, then 
x = x and the ſector A 0.1250000 


WM . = 52083 
n,, 
0 9 872 
8 B &c. and adding theſe E = 148 
terms as in the margin, the * 27 
ſector ACP o. 1 308996 : - 7 — 
and conſequently the whole Lees 
circle = 6X ACP = 0.1308996 


0.783297 +. 


Corol. 1. Since the area of a circle is equal to? 
of the diameter mul:iplied into the circumference; 
The circumference of a circle whoſe diameter is 


1 will be 4 x 0.785398 = 3.141592. 
Corol. 2. Since the ſector ACP = 3 CPx AP; 


ACP AC 
the arc AP will be = — — 4X ACE 
| = a 


az xt þ —— AT + = 35 —— &c. 


Corol. 


_ de — "I \ 0 g w 1 = — » "= * * — 
: - * : of 
= - LY — uy 5 * : py — : 
"y * » : £ | 2 — ; . * — «ap 
e — OE 7 * : ; 2 „ 4 FR | 


* — "= aw" 
* —_ 


_ 


— — 


& ng 1 
F wer of 2 ET, 


* 2 
Jan 


* * 


. COPD = the fluent of — 
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Carol. 3. I we put CA, and CO 


x rx then y*= r7—22z and che area COPD= 
the fluent of r zZ, or ſince - 2%, and 


* 
Corol. 4. Since the triangle COP = + Zy we 
have COP = 4 YT = + 5 and 
2¹ 2 PZ 12 


57 5 * 18 = gr Wenn 

ooh _ ſector CPD is __ to the fluent of 
r'y 

—= 7 1 * 


Corel. 5. In the ſame manner the fluxion of the 
ſector ACP = AOP+ POC=3x + 2 92+ . 


rx — XX 2X 


But 2 — — 4; and — — there- 
Z=—x, andy 5 ; 

fore KC - === 
rx Y 


ES DIED. A. PRE? 
2 %a xx 8 ax Ax 


Scholium. 


Hence we may find the fluents of ſeveral luxions 
by the help of circular areas. 


Example 


* 
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Example 1. 


207. To find the fluent of din ve — 7 
taking any invariable quantity g, put e = 72 


f= =gx, then i = gx and 2=1 4 = = 


But ſince 21 = 7 we have 21 1 and there- 


fore S2 - /e—fz' = 5 * 4 AN Va- 


4. * /ax—xx, But by 2 laſt article it ap- 


of 
pears that the fluent of a is the area 


AOP, therefore the fluent * 42 pan 7 is 
2 X AOP, where AB = F < and AO = me 


7 
Example 2. 


208. To find the fluent of dzz!="ve—fz", put 


Alx, x 71 A= B= A2 
22i—1/e —fz,, then by Prop. XXXVIII. we 


have © yeA - 2yfB = zÞ X e—f214 and A 
2 = * e or uſing the ſame 


notation as in the laſt example 7 have A 


22 
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25 7 X &—=X X /ax—xx But B = . AOP 
entre A = » X AOP + — ONO 


1 BPA, therefore the 3 of 


biz os is _— pe. 05 75 x AP B. 


Example 3. 


— — 1 


209. To find the fluent of = 75 


fz*= gx, then by art. 207. _— 


Ng — 2 X 'X B K 
Vex e e eee 
the fluent of . HE > equal to the ſector CAP 


ON — XX 
by art. 206. Corol. 5. therefore the fluent of 


| . — is equal to — 1 CAP. 


Example 4. 


210. To find the fluents of ds — and 


— ; Je — ſz 
28 B = Az, C= Bz, 
4 then by Prop. XXXVIII. we have 
23 


7 A 


1 
13 
1 
„ 
1 
15 
* 
4 
fo 
11 
i 
- 
* 
= 
* "WM 
* 
7 
4 
"I 
* 
Y 
oy 1 
1 
. 
* 
1 
5 ®, 
5 : * 
4 | p 
* 7 
wi 4 
of 0 a 
1 #1 
x 
. J 
- 
! 4 3 
=”. 
Wh 
- ** 
FF 
E 
9 7 > 
"Y F oN 
»# 45 
va we 
F $4 k 
* d T# 
* 
«an { 
_—_ 
, + 
1 
— a 


—— — 


E 
"- 
* 


— — 5 2 R 
— . — — 4 * < _ - 
4 * — TINT. 
> __ — = --— 
I A * 
* 2 — * 


* 
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3 14,ecA—yfB = and — 2 — veB — 27 C = = 


2 = or 1 zag Am—yif 39 7 ax X = ay 
x OP, and 5 nagB—2yfC = IF X x Max—xx = 


. 
— X AO X OP. Therefore B = — N w/ f* 


7 
x OP. But A=——X CAP a and Eo = 
_ . x CAP therefore B — car — 
N x OP = e. N 
r ATP =— * * 

da! 


AOP = &, AOP that is the fluent of 


we — 72 
is equal 45 f X AOP — A. —AOP: 


__ 3agB g* 
In the ſame manner C = 3 N * 


AOX OP D Xx AUY — 4, AOP — 5 ö 


he 


* A, AOP = 215 x 3AOP — 2, AOP, and 


482 — 


eſs ol 


therefore the Aluent of 


340 — 2. A0. 


_ e — — — — — 5 = " ”" - 


3 * PI p 
- 


A — — = S b >... þ 4 , l K Ju - 
1 * 2 * 2 wy 
5307 _ — - 
— — — * — = 
— n 2 * 
$ k ri —_— 


"Ok b : . * * — 
K 
N « Eder 160 BS oe nt 


N 2 
VE. 1 ay + 


3 


DT CT "WIE ä 8 ; f 
= | l 0 - 8 - F I- 

2 2 — * ” v3 : 0 LY 48 2 q 
— * 2 77 3 


8 1 a 
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Example V. Fig. 62. 
211. To find the area of an ellipſe, 
Call the Latus rectum a, AB, - + oy A 


— — — 


OP, YI, then y = ax — bux=" — Xx X 3 and 


MM + oa 

J bi xa zar. On the dia eter AB de- 
ſcribe the circle AMB meeting OP produced in 
M, then by art. 206. the fluent of & - i3 


— 1 
equal to AOM, and the fluent of 4*x4/ Fe or 


the elliptic area AOP is equal te 5: x ACM. 


Or a = VNA = = we have AOP = 


* 
Corol. 1. The whole area of the ellipſe = = 


multiplied into the area of the circle AMB. 


Corol. 2. Since the areas of circles are as the 
quares of their diameters, the area of the ellipſe 


will be as 15 x AB., that is, as the reQtangle un- 


der the axes ED x AB. 


Corol. 3. Let D be the diameter of a circle 


ED 
whoſe area is equal to the ellipſe, then DD== 5 


x<A B* 
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x AB* FED AB, that is, D is a mean propor- 
tional between the two axes. 


Corol. 4. The ellipſe is a mean proportional be- 
tween the inſcribed and circumſcribed circles. For 
the ellipſe is to the circumſcribed circle as ED : 
AB (by Corol. 1.) and ED* : AB* :: inſcribed 
circle : circumſcribed circle, therefore the inſcribed 
circle is to the elliple as ED : AB, that is, as the 
ellipſe to the circumſcribed circle. 


Example VI. Fig. 7. 


212, Let AP be an byperbola, whoſe center is 8 
and vertex A, to find the area APO. 


Let the two ſemiaxes be AG, and AS, call 
| Fl 
AS, , AG, I, SO, x, OP, 5, then = Xx 


XK -a and the fluxion of the area APO =yx = 
bx 
VX da. 
The ſector SAP is equal to 4, SOP — APO 
therefore SAP = 4 xy + 4 xy — xy=t xy 0, 
a*y* b xx 


but ſince Z. = x*— @ we have 5 = —= and 


* a* 
——— y* 


9 
which compared 


15 
2 K* 


I 2 * af Xml; 
with the fluxion in Exam. 3. art. 94. gives d = 


M ab 


— 
— 


1 "XX ” 


r 
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„ 9= 2, £= &, ow and R=1, T= 


ab 
2 


. 


a 
\S=sy/ —|= 72 and the fluent 


| Ub 
= JR = is equal to - 


NW. 


vaniſh when 


EN=1 
ab 1 

x==4, and y=0 therefore CO 2 — and 
21 /—1 

bx 


þ | — T3 


| 5 
the correct fluent is 5 a 
b 


| Let SL be a 4th proportional to SA, AG, and 


AS x26 SL+ OP 
SO, then the ſector SAP = ——— 


and APO = SOP SAP = — Ls... 
ASXAG|SL+ OP, 
: n 9 * 


Scholium, 


213. Hence we may find the fluents of ſome 
fluxions 5 means of hyperbolic areas: Thus the 


fluent of a —4* is equal to the area AOP or 


„Cotes Harmon. Menſur p. 25. 


the 
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or the fluent of dx Vxx — aa= 7 Xx AO, and 


the fluent of - * — is equal to the ſector 


SAP, therefore the fluent of — = 26 
4 ab 
SAP, 

Let PT be a tangent in the point P, then So 
SA a* —_ 42 


_ call ST, z, then x = and x = — 


—ö — a+ a 
and V =- => Da = 2 .— ' therefore 
- Au 
bx 4 — 
79 — F — Ja 2* therefore the fluent 


of . e 1 to = Xx AOP 
23 q a*b : 


a” x ab 
In the ſame manner = x - = -& 
| 2 nx - 2 


* 2 42 
> Xx — = — and the fluent of 
* a 2 22a —2˙ 


dz; 2d 


Example VII. Fig. . 
214. To find the area of the Ciſſoid of Diocles. 
Let AMB be the generating circle, G its cen- 


ter, BR the aſymptote, OP an ordinate meeting 
the circle AMB in M; call AB, a, AO, x, OP, y; 


* a XX- 
then y = —— and yx = — which com- 
M 2 pared 


—— — — — — f 7——..ł 


x 
* 
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pared with the fluxion C in art. 210 gives d== 1, 
y= 1, ra, ft, g = 1 and the fluent = 
ZAOM — 48, AOM, therefore the area AO“ 
is equal to 360M — 44, AOM = ;AKM—4, 
 AOM. . J. 


Cen. When O comes to B, the triangle AOM 
vaniſhes and the area APpRB infinite in length is 
equal to three times the ſemicircle AMB, 


Example VIII. Fig. 63. 
215. To find the area of the Conchoid of Nico- 


medes. 


Let F be the pole and GQ the aſymptote. Call 
the diilance AG = PR, a, FG, , GO, x, OP, y, 


b)-x 1 i 
then y = * Va — x* and the fluxion of the area 


* 8 
AOP = - =- x - = 


With the center G and radius GA deſcribe the 

circle AMK mecting OP in M, then by art. 206, 
Corol. 3. the fluent of the firſt part — * V 
which vaniſhes when x = a is equal to the circular 
area AOM. The other part of the fluxion, — 


bx 
| — 4/4 — x* may be compared with that in art. 
x 


94. Example V. which will give d= — . »=2, 
E 4, f=—1, R =— a, N = of 8* mm 3, 
TIN, SS N-, = xv/—1 and the fluent is 

24 
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ono} R= - Na S 
7 Ul Re 


C which is to WY, when x a, therefore C = 


2 
TN 


roſs 772 N which being added to the fluent 


of the firſt part - - we have AOP=AOM 
PR A- RQ 
— FG xRQ + GA x FG PQ © But 


ſince FG: GR:: PQ: RO FG X RQ GR x 
PQ S the paralielogram PMGR therefore 
AOP = AOM — PMGR + GA x 


FG 770 nd adding OGRP to both ſides of 
the equation AGRP= AOM + OMG + GA x 
17 = SAM -+ GA x 


10 F 
PQ 
Example IX. Fig. 13. 


I 
— ab = and the correct fluent is equal to — 


216. To find the area of the logarithmic curce. 


Let AV be the firſt ordinate, and let PT be a 
tangent in the point P, call the ſubtangent OT, a, 


AO, x, OP, y, then a= and yx = ay whoſe 


fluent is y =OT x OP, therefore the infinitely 
M 3 long 


BY 0909 ome — + — 
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lang area OPB, contained between the curve and 


afy mptote AB is equal OT x OP. 
For the ſame reaſon AVB S OT Xx AV ard 


AVPO= AV -— Or X OT = (If PF is parallel 
to AO) VFX OT. | 


Example X. Fig. 17. 
217. To find the area of a Cycleid: 


Let AL be the generating circle, V the vertex, 
H the point which deſcribes the cycloid, call 
KO, z, and uſing the ſame notation as in art.117, 
we have ͤ 4 —2 and x =— 2, but by art, 


* UV — V 
EF De 


i Rin, now becauſe VPS = 


VOK — PSKO we have VES = VEOK — 
PSKO = $y ZY — 2) = — 2) = 


_ ad . put 4241 =c then VPS = 

* 1 . 1 
— 0 may be compared 
a/24 — 2 M10 —2Z 
with the fluxions B and C in art. 210. where y=1, 
e=2a, l, a 2a, g=1, and in the firſt part of 


3 
the fluxion d=c and the fluent is i 


KOm — 4a, KOm. In the ſecond part d= 1, 
and the flucnt is 3K -— 44, KO and the 


area VPS is equal to the difference of the fluents 
24— 
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2C — 44 


— — x KOm — XA, KOm = 


2624 


a Ko- — 2 XA, KOm. Q. E. I. 
| Corol. 1. When P comes to H, the area VHK 
will equal to == x the ſemicircle KI. 


Corel. 2. In the common cycloid a= 6, the 
area VPS == KOm, and VHK equal to the ſemi- 


circle Kl. 


Example XI. Fig. 25. 
218. To find the area of the quadratrix. 
Call AG, r, GO, x, OP, y, EF, v, then 


OPS AF and Ab. Now it appears from 
art. 206. Corol. 4. that the fluxion of AF = 


the fluent of which by art. 47. is equal v 


rU 
AV- 
3 5 | 
= * — + . which is equal to y; 


therefore by reverſing this ſeries by art. 73. we 


6 
have vy = 1 % &c. and 
FF 
— TIRE we 1" 24 720 
. 
&c. whence FL — 7 — Jr 457 
2y* GE x OP 


. and GO or x = 2 
M 4 — 


9437 
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f— — — — — —*--- &c, therefore x = 
37 457 go 
„„ 2 tc: end — x = 
5 457 315 =x 5 
7 OY 9 20 
Ir + 257 Si TIT &c. whoſe fluent — LS 
55 r* 
— ＋ — - &c. is equal to the area 
9 250 925.497 | 
. 1. 


Example XII. Fig. 60. 


219. Let N An be a ſemicircle, and in the right 
fine ZA take eZ: AZ :: AZ.: m x AT*+ 
AZ:*, to find the area of the figure NF which is 
the locus of the point e“. 

er, IZ, „ AZ, v, then 

3 
8 and the fluxion of the area eZ TF = 
5 3 
| T + vt X a/r* —v*s 

Let the circular area AZTB = A then by art, 
206. Cor. 3. A = — 

Av? 
m 
the 8 NT is el A art. 201. Corol. 4.) 


| 5 4 222 9 
Ax — * 5 As . Tons &c. 


N = 


and the fluxion of the 


area Z IF — whoſe fluent anſwering to 


See Newton Princip. lib. iii. prop. 32. 
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and the whole area ae x is to the —_ of the ſemi- 


circle NA as = — 


— = T 3.3m 1 155 roo 
37 8 
8.8. 10m* 


&c. to 1» 


Let m= 9.08276, then — = .11010, and 


* © 
* = + . 08257 — F = — 00757 
1 5.7.0 
* 8. 8m 72e 7 
＋ 00529 —. 895704 
ee e ee 
07505 


therefore the area NE is to the area of the ſe- 
micircle as .07565 to 1 or as 60 to 793 nearly. 


Proep. XL. 


220. To find the area of a curve expreſſed by an ad- 
fefted equation conſiſting of three terms, as 


ya X eo fyx> = kx8 . 


— 4 
Put _— a 2, 9 


3 y adn 


I * | . . 
alſo put z = — x* and v = yx then S NX A 
s 


— 
and = T =* X's therefore wad = E = 2 
x 


— 


and y'x* = 2, and * =w=x 7, by ſubſtituting 


Newton. Quadrat. Curvar. Prop. IX. Cor. 7. 
theſe 


- 
Sg Y 
*. 
4 * if 
| 4 
OY P 


Tx 
1 


1 


72 SO kD ack = 
— OO . . &\ Sx © © 
* oy _ -_ * 
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theſe values i in the equation of the curve we have, 


wx 7 5 x 6+ = bfor v* xHFe = 


a+ 18 
1 xx, and therefore ve A — 


. x! = 24 x k— xXe+ whence 2 = 
_ = wx E v and 5 == X 


Do- x X + ” * 
k— Xe fo z—1 therefore Jax —— vx = p X 


; A . 
vv * U +*xXk— x 


P-. The fluent of which will be the area 
of the curve propoſed. Q. E. I. 
The area may likewiſe be found a little eaſier 


00 7 PNG 3 3 
thus, |yx| = |v2| = 02 — , but Vz = = * 


vun x k— x e + fo which put equal N 4R 
_—_ = vf -N. Q. E. . 


PRO p. XLI. 


221. Let SWP (fg. 21.) be a ſpiral, and retaining 
the ſame ſymbols as in Prop. XXII. I ſay the 


fluxion of the area SWP is equal to _ : 
For the triangle SPp = { pn x 8 
and SFF =: Ff x SF therefore SF: _— SE: 


SPP :: the fluxion of SBF: the 3 of SWP, 
therefore 
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therefore the fluxion of SWP — = x SBE, but 


SBF xx, and FHF = *rx, therefore the 
; „ ©x 
fluxion of SWP is equal it, _ == 
Q. E. D. 
222. Let x: 11: 2 then by art. 122. 
* = 272 1 —— the fluent of 


27 

which is. 
2 . Mp2 , a" 
If m4-2 is affirmative, then this fluent will va- 


niſh when y = o, and the area SWP = 


n 1 m 5 WE Was N 
2X1 2 an ir © ma 
> x SBF* 


If „ 2 is negative, this fluent will vaniſh 
when y is infinite, and the area SPB (fig. 23.) con- 
tained between the aſymptote SB and curve PB 

m2 
infinite in length is equal - — - * —. 


If m—— 2, then wa the areas SWP and 


SPB will be infinite. 
In the ſpiral of Archimedes m=1, and the area 


SWD = 
6a 

In the reciprocal ſpiral, m = — 1, and 
SWP =! ay. 


If m z then SPB = 
25 
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223. To find the area contained between two 
rays SW, SP of the lituus, put SW Ss, and 


| a*r 24 
SPD ii then x = —— and x = — 


whence a - the fluent of which by 


Is But ſince (by art. 


Prop. XIV. is equal a. 


ST = — 
122.) =" 


and the area WS is equal to the meaſure of the 
ratio of SP to SW the modulus being the triangle 
of Hf 

224. In the equiangular ſpiral oy =yx (art. 


„the triangle SPT will = @* 


124.) and therefore 2* — the fluent of which 
Ee 27 27 

is - which vaniſhes when y=0o, therefore all the 

„ 

a X = 


area from S to P is equal to 
| | r 


» SPXST = the triangle PST. 


Cotes Harm, Menſur. p. 86. 


Proe, 
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! Proe. XLII. 


225. Let ADPd (fg. 65.) be any curve, OP an 
ordinate to the vaſe ABO, let BO=Ob=x, 


OP = y, then ſuppoſing the abſciſſa to flow uni- 

formly, I Mo the area BDPO generated on the 

abſciſſa BO = x Fg the ordinate comes to OP 
vx 4 Tub 

= + 2.80 2. 3. 4& r 

and the area OPM on the abſciſſa Ob Dx, after the 


ordinate has 2h OP is equal to yx + 27 + 


is equal to yx — 


2. 3x* Fx 2. = ws | 
For let the area AOP = A, then A N, 


K ja, A e, &c. and by Prop. XXV. the 
decrement of A whilſt the decrement of the ab- 


; Ax Ax* Ix 
ſeiſſa is x, is equal to = — 2. 8 


&. D . . fe. c. = BDPO. 
2X 2-26 


And by the ſame propoſition, the increment of A 


Ax Ax* Ax 
or OP d is equal to --- 7 3 ＋ 2. 7 &c: 
2 + I* 2 &c. Q. E. D 
1 2 ＋* 3 3 —% 


Corol. The area BD4b is equal to 2yx + 
jo 


1 -* | _ —— 


— 
* * 0 6 
J 72 2 


> 


by - _ 5 2 — * I. 4 - 
— way * o 2 "SL 2 * — - * 
- 1 * 1 - - 
* = — 0 - * BY 
* 1 = — 
* — — - — — as * * 5 * * 2 * 
K 8 — - —_ * - 5 * my . 
. C——_— — — F — . 
„ & 
— 
— = - 2 2 * w- = = 8 2 _ = -* Co — - - —_ - — 
- — — - — — * _ - - * 


3 


— 


— 
2 
- 
<- - 


— — 
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3 &c. r 


> a & 
2. Sat. 3.4. 4 2 


226. "Call the ordinate bd, N, and let the dif- 
ference of the firſt, third, fifth, &c. fluxions of 
OP, and 4d, be b, d, f, &c. and let the difference 
of OP and bd be a, then the area O Pd is equal to 


ax | 5 
* — 22 = 5 » &c, For ſuppoſe 


x given, then =N —y => + + 


bt 2. 
_ * 2 Are wm therefore þ = N —7 = 
ix 
E += 
therefore adding equals to w_m_ Ix += —=yx | 


* * =, Ke. and mas &c. 


I. oe. and adding 


4 15 i | 
3 22 1 - FTE Kc. * again adding ＋ 
dx * y 2 

> e we h be. 
c. we ave yx .- © —_—_ 


| 720x" 720x* 


d 


82 82 
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3 Fort 
5205 * N ＋ 5 A T 24%) ＋ 
A Kc. = Op. 
120K 


227. Let the baſe Oc be divided into any num- 
ber of equal parts as u, let the firſt ordinate 
OP=y and the laſt ce= N, and their difference, 
the difference of the firſt, third, fifth, &c. fluxions 
be equal a, 5, d, &c. as before, let the ſum of 
all the $7 N _ the =_— =, = the area 

x ** 
OPec = += —=Imx Þ Toma? EC. 


For call bd, K, wy x, and the difference of 34, 

OP and the difference of their firſt, third, &c. 

fluxions, a, b, d, &c. then by the laſt article, 
az bz* dz 

the area OPbd =yz + > — 127 22057 &c. 

In the ſame manner if ce = L, and the difference 

of bd and ce the difference of their firſt, third, 


&c. fluxions be æ, 8, J, &c. then bace = Kz + 
&c. And the ſum of 


2 I2x ' 720x* 


number 1 of theſe areas or the area OPc 


112 


TN 4 += X d+4+-&c "SW 


but z = 5» 9+ K Tü. =S, a+ a &c. = a, 
b - S &c. = 6 &c. therefore the area OPce = 


—— 
a 
— XF 


- 42 4. 
— Baa 3c; 


TITS 


— A 


C—_— yp wo: * 2 


- - 
2 8 2 
2 - 
. - — 


r 


of © arc. a; * 
ST I" 

. * — 
* — = mu 
"PS » 


— 
—— — 
OY 

x 


I 
ws” EIS 
I. '- 
— 
— 


— 
8 
. 
— 
2 
—_ 
— 5 


* 


- 
Aa . —_— 


1 5 
_ > * 
* — - = 
< II _- — 


n 
„ — ar 
22 of = 
- 


— 
1 
„„ — — 


1 
* „ 7 8 


— — 
— 
a - 
— 


— 
Im oo = 


: 2, 
* - * 4 SR 
—  S ” —_ 88 
* 


- — = Gl * 8 = 
.— — — — . 
> ay = 2 R - * 
— - * - bg - 
= - 


= 
* yy - 
— eren 
— 
— 
— - 
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228. Call the area OPce, P and put x=1, then 


Sy & .. 
by the laſt article P ” _ — 

dx ax 
on” &c. but by art. 226. P =yx + 71 — 
OO c. or — = * 2 ...12 
. n* 1 121+ 


—.— &c. and the difference of theſe equations 


7200 1 
W—_I SI ITI xx 
1 1 "2 mT 


4 5 
— —. , &c. therefore P = 
N NN = 
| F 7207 &c. Let the 


ſum of the two extreme ordinates be equal A, the 
ſum of all the middle ordinates B, then y+ 4 
1A, BSS Ey, and SI AAA B. there- 


4 
fore P 1 — X x — on - &c. = 
„ 720 
B _ 
127 1 {208 
If a, then B is the middle ordinate and the 
|: A+4B dx! 
area is equal N * — 7.7200 &c. 
If 1=3, then B is the ſum of the two middle 
: | A+ 3B dx* 
ordinates, and the area = = Xx 95 720 5 


&c. 


£ It 
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If there are five ordinates, let C be the middle 
ordinate, B the ſum of the two ordinates next the 


3A-- 8B 8C 
30 X 


dx 
* ＋ 16-7700 &c. but by the rule for three ordi- 


A * d. 
dinates P = 2-4 Xt #7 = or x Þ = 


4.720 
A- C 44 b 
8 * — 16.720 „the difference of theſe 


32 7JA+32B+12C 


two equations is ＋ "= N 


and the area P = ke fe Xxx. 


229. If P, a, b, d, &c. be given, then S may be 


8 
be found, for by art. 227. — = P — 


bx* dx+ B W 
2 


midſt, then , and P = 


&c. and S = © — 


I2n' 72044 x 
. . x 
, &c. let the diſtance of the ordinates —= 


7207 
dz 
2 then S=T—; 2 — 
12 728 
If z= 1, and the number of ordinates be infi- 
nite, then a=y, b=y, d , &c. and P 


. "IP 3 
V and S = = y+ 75.5 — Ke. 
Hence any infinite ſeries way be ſummed, as 
for example, let x be the diſtance from the be- 
I 
_ 


ginning of the ſeries and Jet y= 75, then y = 


N. 21 


— 


o . . 
D | 
, =— 


- 4 Shoes 


r 
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1 u. I. 242 
a 3 7 * 


5 
} — x*—1 22 N 
t n. 111. #52 I I I 
mages | ES, TT 5 T x2). 
wc. 
Ifx=1, n= 2 then 34 +3 &. = 1 
142 — 2. &c. 
Ifn=—1, then) = — og y = = 
6 I 1 1 
_ And S = log. 7 ＋ — Ry 
I I I 


2 1, and x e 
&c — log. 1 —— bo -|- = — - i &c. 
- 24 124 1204. 


&c. 


12422 1222 I 20X4 * 120a* 


* De Moivre Supplem. ad Miſcell. Analyt. p. 19. 


[ 179 ] 
S Er. IX. 
Of the Rectification of Curve Lines, 


Proe. XLIII. 


230. If the abſciſſa AO (fg. 12.) = x, the ordi- 
nate OP = y, then the fluxion of the arc AP 
will be equal to VN,. 


Let PT be a tangent in the point P and let op 


be infinitely near OP, draw Pu parallel to AO, 


and call AP, f, then OP: TP:: 1: Pp :: (art. 6.) 
9 : t and {== x TP. But TP = 


243 : 
AGG. == + f = 3 FFF 7 
therefore f =4/x* + y*. Q. E. D. 
Corol. 1. 11 2 = 2 then f = x NI“. 


Corol. 2. To find the length of any curve com- 


pute i and its fluent will be the length of 
the curve. 


Example I. Fig. 64. 
231. To find the length of a parabola. 


Call AO, x, OP, y, and let the latus rectum 
= a, then yy = ax, and 2 = ax, therefore y —= 
N 2 a4 


—— 


me MT I <4 a 
0 * ms 
I 2 
* <a 
on I © % 


— 
— 
* 
rr 


— 


LT 


: 
1 


? 
, 0 
* 
ei 
i 
+ 


SD 


Do — 
32 


— — 
— 5 
D . 8 _ L 
” - : 
- = — — — — - 2 
2 rr = = 2 * 
— - * = - oy 


— 
2 r 
22 8 

— 


* Me a — 
— — 
— VW- 
c . — 
2 o „„ 


—— 


"OX a x* 
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ax* . 5 
7 1 — I hence x ＋ = NX 


? Ty — — and Y = KN *. Ex which may 


be —. with the ap, in art. 94. Exam. 


VI. where d=1, y=1, e = 4, f=i, N 


va I 2 * * = r, R=1, 


T=Nand S= 2 = _ and the fluent is 


D 
44 — . Let S be the focus, and let 


: x) : 
OP be biſccted in L then AP = AL A 
AS AO-+AL, 
EN. 


Example II. Tip. 5. 


232. To find the length of a parabola whoſe equation 
1 7 22 65, 


By taking the ny = max"=1x, and y*= 
A.- and V dy 2 KNV Ii M 2 the 


Cotes Harmon. Menſur. p. 22. 
fAluent- 


ED i | 
A = 
- 


—_— 


- — - — 
— 
2 K * 
＋ 1 
3 — T 


— - 


. 
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fluent of which is equa! to the are AP. 
It m= ?, that is, if * =4*x", then the fluxion 
of AP = xvi +; 6s. Put iE 4*x=N then 


es ef 
9 9a 


fuent is ſos --C which is to vaniſh when x 
74 


3 
— 


— 


L 
** 
x 
* 
7 
5 
* 
— 
| 5 
r, 


T1 


8 
or N=1, therefore C = — — and AP = 
476 
88s. 
2741 


It m=* or = al, then the fluxiòn of AP 


Is i; 14 9 * which may be compared with 


art. 94. cham. 7 7. where 4 =, ==}, =, f= 


9 x? 3%; 
=» T=N, S x—:; and the fluent is 
e + 2f 7 R + T 
— ("N—_—dR = 
47 off 5 
2 
1 ＋ 7 '# 
_ 1284* Xx3N 8 250 29 
27 3 81 
44 1 
UE 270% 
* 11 —— * 
3 gu} 


N 3 9 4- 
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9 22 
was : oF * T 9 1 04* 71 —— 


81 ax! Vo + 1 64* x2. 
5124 3 


Example III. Fig. 61. 


233. To. find the length of a circular arc AP whoſe 
fine is OP. 


Call CO, x, OP, ”, Ca, AEM then 
. 
a. 


ri — X =y* and — xx = yy whence & = 
and & - == X * = £4 and A 


VX = 7 whole fluent (by art. 47.) is 


This fluent may be expreſſed in a different man- 
ner by art. 50. where 0 i, e, f=m1, 


(A= * 8 Aan 


= 1 and 


5 : _— 1 2 
the fluent is vr 79 Ix ST 7 A + + BE &c 
= AP. Q. E. I. 
Gol, 1. Since A=y +2 ALS2 BL 
3 
| 5 ＋ + — &c. by reverſing this 
ſeries 
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| . 7 A? A 
ſeries by art 7 7 have y 5 ꝙ2 22 + . 


| A 2. 37 3 2. 3.4.57 ＋E &c. 


Cordl. 2. Since x* + y* = we have x = 


5 2A® 

/r*—y S 2 * 
A: A4 Wha A: 
a © ior oe oP 

A. As 
4. 619? Ke. 

Corol. 3. Since JJ = — Xxx We, have A= 
x 75 ang 

Ccrol. 4. Call the tangent AT, , then / = 
OP x CA Bs - „ £m 4 1 UE 72152 Fe 

1G 7 93855 Ari —y* = IT Py 


== 4 — — and * = alſo taking the 


* * 


i : I I 
fluxions of the equation - = = — 7x We have 


5 5 9 
1 3 
7 _—_— W TY ==) 


”* therefore 8 24 — — 2 3 
* 4 * 2 8 
th ft4 716 


3 — -__ 76 &c. whoſe fluent = AS : 


7 I 47 
3r* 575 — Ir &c. 
| N 4 If 


— - 3 
3 — . . 8 2 
- as... » 8 * * 1 


3 "I" "IR 
— * — 
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If the arc A=45% and r= 1 then r, and 
AmzlIl—-: ==. OTC. þ 


If we put the ſecant = 5s then A 5 and 
/ 
taking the fluents by art. 56. A = + 42 A 
t : | 
R * _ ＋ &c. 


—X f | 
234. The fluxion — being compared 
— 


with that in art. 94. exam. 3. we have 4 r, 
y=2, n, f=—1, and Rr, T 


* — = =, S = - and the fluent is 


R __ — — 


7 8 r 
CO Nee e ＋OP 

GA | F 

n 


Let AT be a tangent at the point A, meeting 
OP produced in T, then ſince the triangles COP, 


which is equal to the 


CAT are ſimiliar we have 


CAN —1+AT 


CT — and the arc AP = 


CA v = 18 AT, Therefore the 


Cotes Harmon. Menſur. p. 28. 


meaſure 
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r 
meaſure * x by changing the ſign of R* be- 


comes equal to the arc whofe radius tangent and 
ſecant are R y—1, T, S. Thus the fluent of 


xx. = 


by article 94. Example III. is equal 


ve '— fo 
RT — 
&; 74R where R = /—f and RV, 


T= N A $ = — and therefore the flu- 


* = wi We which is expreſſed by Mr. Corzs 


this 7 * (. 
| OP Let AP, and Ab (fig. 66.) be two arcs 


which are to each other as à to 1, call the radius 
, the coſine of AP, z, the coſine of Ab, x, then 


by the laſt article AP = r are 24/ —I+x/r—2* 


r 


and Ab N — — ＋ ,. 1 

2X Ab therefore WI 2/—1 2 — 

ae — + 97 — 
- _ 


| oY AY. and 


⁊ 


3 


- 255 Bates. 

{ "— 0 2 — 
n 
1 


— 


P ome eter 246 a 


r 


— 
** 
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n 
- — 
2 


—— 
— 


r 
= —— - 
— 


— - - —= 


oy 3 4 2. — _— * 4 
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* i - * — — 
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— — 
2 ˙ K © wo 


— — 
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— ae —ä - 
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Ont 12-2; A — —̃ 
* 


2/1 + Mr nn 2 = x/—1+ a/ N ad 
r 


7 


dividing by Y= . 2 4＋ 9 . = 


> — — 


T Put x- Mr. = Q then 


pul 
2+ /2*—7r = Q and 72-2 2. 2 


Fay gy — 
and ſquaring both ſides we have 2* — 7 = 
Ne. — 
— — ＋ 2 8888 — 2 2Q"+ 
1 "=>0, 

Alſo fince Q = x — &/x* = we have Q. 
2Qx + x=x—r or Q —2x:Q rf =o. 
Therefore the relation of x to 2 may be found by 
exterminating Q out of the two equations Q. — 
2” zQ" +7" =o, and Q. — 20K ＋N . 
and the quantity Q. — 2xQ + 7* will be a divi- 
ſor of Q- — 27 —1 20 -f. 

236. We may alſo find the relation between 


and 2 by means of an infinite ſeries, for ſince 
Q. 21 20. TY =o, we have 27 22 


Q+ 22 But ſince Q N= i we have 


72 ——— — 
— =X —- a/x*— „ and 27"! 2 2 


Q 
x+a/w— rr bx Jr. put - & 


then 21%! 2 =ab3y/—) =-, but 
\ ; by 
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by Lemma II. we have x — "== * 
n.n—1 


ur i — — "Js r 


- * ·ö1 5% —1 |= 


2.3 
1. 1— 1.71 2H — 7 JE: y 
Ne * - y#, &c. and 


x—Jo/ 1) = „ 11 


n.n—1 1. 1—1 NH? 
1 J 55 223 * 


24 1, &. and 2 


1. 1 — 1. 1— 2. 2— 3 


—— ——— 


E456 


237. If we extract the root of x _= 7* by Lem- 
* ** 


ma 2, we have V - N — 3 
2* S* 


16 — 
7, — &c. andQ = ＋ NN H 2X 


7 8 4 

— — — — E. and b Art. . 1=2"X" mmm 
2x 8x* 16 rn 

. 2 * . 2 2.2 aA 


+ — ——_ 2 A ar. —1 2 b -ers 


1.1 2—2 
2.3 
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=» S % 


| M2. © 


- r 2 — 
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FT. — >. + r - 


„ = 


——— 
— — 


2 
ern 
<a 


— 
- 
— 
- 


—— -2 a. ES > = 


— _ — 
En LELE SID > 


— — — — 


rr 


24 —2 * 


Fr 


3 24 
* 


* 


n 


m, Hee: 


188 Of the Refiification Sect. IX, 


n — 
= 2". „* -. 2 — 7 27 5 3. 2er ur ·— 


Hom. * 1—5 4 . a ** 
Doin —. 2 z*-6,5 &c. allo . = 


2.3 . 


25 74 yan „„ 
—＋ — : — = —,; : reſore 
27 F ga &c and 72 == &c. there 


„ 17] gn ee 8, 293 xe —— 


3822 2 2. 2 — 
2 —5 - 477 + 9 


If we put r=1 then z or col. 1A=2—'x* 


MN. We : 
$23 28 2 R_ 2 3 g9"3 . &c. 


238. Hence we may, find any power of x or 
coſ. A by means ot the coſines of the multiples of 
A. for by art. 236. If r=1; col. A =x» — 
n.n—1 u. u. 1. n— 21-23 

* —— 0 mY x"—+ 34, &c. 

2 2.3.4 
and in the ſame manner coſ. 1n—2. A =x—= 
H—2, — 


. &c. and coſ. 4 A = 


* — &c. and adding cquals to equals coſ. 


; 22 . —2 


„ 


2. 1—1 


—u— — 


Hl —2 . A — * * —2 — 


u—4 . A. and coſ. nA = Xx" — X J*-X 


2 
3 JP, 11. H = 2 ,H— 2 
col. 2 2. A — — * 3 


3 


coſ. 


> . 


1 
+8 
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— 32. 121.7 22.8 .Q 
col, u—4 . A 7 =3 XX , 9 
— n. 1—1 — 3 
coſ. 2-4. A &C. = X"%=— 5 ** coſ. 1— 2. ö ; 
5. 1. —1.1— 2. Hon} 4 — ; 1 
— "ry —. y x col. n—4.A. A 
NN oo. 1 3 
&c. and therefore x” = cof, A Y* X 4 
2 . 
col. . A += 2. 94 X 1 
1 2.3.4 4 1 
coſ. 1 - 4. A &c. 1 
239. A ſimiliar theorem follows from art. 237. 4 
for if F=1, coſ. #0 = 2%, xn — . 2553 K - 1 
MN} 


— 1 ” <3 
| . 
* 4 SR — ey * 1 * - 


AS Mn 2"=5 * 4 &C. col. #—2.A=2—3.x*=2-m- 


12.25 x*—4,&c. col, 1n—4 .A=2%5 x —4,&c. 
and adding equals toequals, cof, n—=2, Ag - 
— —2 X coſ. 24. A &c. and Cof, „Ag -,. 


— — —— 


—nxcol. 1 — 2. A - 1. — 2 X col. 1 — . A 
1. 1 — 3 
4 


col. B — 2. A 


* SEES jr Wh 
* 


, COL. 24. A, &c. = 21 w—, 


2. 221 


coſ. 1 — 4. A—-&c. 


1 
therefore * = 1 


— 


NM ws [ 
2 


coſ. A 1. coſ. n—2.A-þ x coſ. 24. A 


&c. 

The coefficients are the ſame as the unciæ in 
the power 1 of a binomial, only in the laft 
term we muſt take but half the correſpondent 

| uncia 


— 2 182 2 1 2 „ 
„ TIS, on Pee 2. - 
= 


— -—_> 
* 
SE 


* 
k 5 « * 


* 
— 


r 
| TIE wn 


— 


— 


q 


U 
N 
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uncia, the reaſon of which is, that the laſt of the 
arcs, 1A, 1 2. A, un— 4. A, &c. will be o, 
the coſine of which Si, but by the theorem in art. 


237 it is , becauſe we made zx = Q", which may 
be done when » is greater than o, but when So, 


"BY = 
a= — * — &c. and = 1 which added 
to Q =I gives 2 =2zand Z=1, as it ſhould 
be. | 

240. Suppoſe the whole circumference to be 
divided into as many equal parts Ab, bc, cd, 


&c. (fig. 66.) as there are units in , and call the 


Ab = pong. Ac= = „Ad * &c. call the co- 
fines of the arcs Ab, Ac, Ad, &c. + a, +6, +c 


Kc. each of which is to be affirmative or negative 


according as it is on the ſame ſide of A as C or not, 
Now ſince the arcs C, 2C, 3C, &c. have all the 
ſame coſine AC or x, the relation of r to @ will be 
found by exterminating Q out of the two equations 

— 2"Q"+r"=0, and Q'— 24Q-þr'zo; 
and the relation of r to & will be found by the 
two equations Q. — 2 Q® + o; and 
Qt'—2/Q-r*=0o and fo the relation of r 


to c is found by the equations Q — 2” Q 
7” o and Q. - 2:Q + r"=0, Tb 


the quantities & - 2aQ-+r*, Q. — 24Q + , 


Q'—2Q-+7:, &c. are diviſors of the quantity 


Q- 2r"Q" r=, And the quantity Q — 
2 QO is equal to the product of all the quan- 


. eee 


241. 
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241. On CA take CQ=Q, then if 4B is the 
fine of Ab, Cg = a, and Q2=4a—Q, and 
Q- A 24Q + Q, therefore Q* — 24Q + 
= Qt rf — a= Q* + 8 =Q4. In 
the ſame —_—_ it cx is the fine of Ac, then 
«= Cx = Q- and Q* — 24Q 
e r = 1 
SQ, and fo Q*— 2Q + r* = ad &c. there- 
fore we have Q. X Qc x Qd' x &c. 2 
2r" Q + 72", and extracting the ſquare root 
Xx C Xx Qd x &c. - or -. 
according as Q is greater or leſs than r. That is 


Xx C x Xx &c. = CQ" = A- or AC.— 
C " 


242. If we ſuppoſe all the arcs Ab, bc, cd, &c. 
to be biſected in b, c, d, &c. then n will now be 
be 27, and by the laſt article QX Xx Qc XQ 
Qd x Qd x &c. r -. But O X Qc x 
Qd x &c. = r*—Qs, Therefore Qb x Qc x 


Qd x Re = =" + Q'= ACA CON 


This is the elegant theorem invented by Mr. 


CorEsSs“. 

243. If again the arcs Ab, bb, bc, ce, cd, dd, 
&c. are biſected in the points g, B, x, C, 4, D, &c. 
(fig. 67) then u will = 4" and QB X Qb x QB x 
Q# XQz X Qc Xx QC x Qs. Xx &c. - Q. 
But Qb x Xx Q & Qe Xx &c. t · there- 
fore Q3 x QBX QX QCX Q&X QD x &c. = 


== Sr Q. And ſince QB= QG, 
* 280 therefore QB x QC* x QD® x 
= 7" _, 


Harm. Menſur. p. 114. 


Scholium. 


. ron EY 
— — — 
= . 


* x * E TP » 4 
= 


——_ 
* 


** 
—— 


a4 8 — — — — — 
r 


9 
e 


_— . — 
3 — — —_ 
* . — 


—— —— ; 
* = 4 . 
- — — — 
Y 122 * S. - =— "x" 
o - 922 ; ©. - * 236*«„ „ o — 


— — 
Y * 
r — 


"42 2 3 "=> as * 

3 

- 5 <= to. 2 & .% 
- — — — 


— — 


— - - 


+ _ = \ 
* : 


* 


ä 


F 


. 
Rr. Ez — - 
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Scholium. 


244. Hence we may find the diviſors of a tri- 
nomial as Qu — 2— 2Q” 5-79", In a circle 
whoſe radius is r, take an arc ꝙ whoſe coſine is 2 


* 


O O 8 
and an arc A = _ then x == col. be and the divi- 
for Q* — 2 —- 1* will become Q.  2Q x col. 
- ＋ r. or if we take the coſines in a circle whoſe ra- 


dius is 1, then the trinomial may be reduced to r] 


C TI 22 ' 
= bs. — — — . 4 * — 
* and take an arc © whoſe co 


= (2 — 2rQ Xx col. 


2 1. Let C be the whole circumfcrence then 
7 


the arcs e, Co., 2C|-q, &c. will have the 
fame coſine as ꝙ and if & be any whole number not 
greater than , the arc C will have the ſame 
coſine as ©, and the general expreſſion for the di- 


kC 
viſor is Q* — 27Q Xx col. EP -T ?*, and all 
the diviſors will be found by ſubſtituting for & all 


the whole numbers not greater than ». 


245. If Zr then the trinomial will be Qz" — * 
2 4-7 and extracting the ſquare root, the 
binomial Q"—7" will have the ſame diyifors as the 
trinomial Q. — 277 Qf 4+ 72, And ws S r, 

the 
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the arc © = © and the general expreſſion for the 


kC 
diviſor will be Q* — 2rQ x col. yu + *. 


246. If zo; then G C and the trinomial 
will become the binomial Q e whole diviſor 
CC 
will be Q* — 27Q x col. —.— + or A 
ok x C+r. 


2rQ x col. ng 
247. Let the modular ratio (Prop. XIV. Cor. 
2.) be that of e to 1, and let q be an infinite num- 


EY 


1 which compared with the above binomial 
* 


7 
Q. — gives W +5, "as Fo n=q 


ber, then by art. 91. ef —e—* = 


2 


| and its divifor is 14+ 2 —2x 1 —© x col. 


kC ME ** x* 
od 1 =2XlT- —-2X1l-—--—- Xx 
q T NT T7 7 


coſ. 7 But by art. 233. Cor. 2. we have coſ. 


== I 2 2 the other terms vaniſhing be- 
cauſe is infinite, therefore the diviſor will be 
2x* ar | PC! RT on 
2 — 2 n 1 — — — 
T q* T7 "yp 7 'T 7 T 
8 and multiply ing by the divi- 


q* q* k*C* * 
for will be 1 4. — = = 1 + = ſince 


FC 45 
0 0 


ON „ 2 
72 * 
> * fe - "a Ss 


+ —_— 1 
FLEA 
— 


E ES. I - * 
r 


— . n 744 
><: Sew. 5 et an he ee 


= 


— 
— 
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4 
7 is infinitely ſmall, and by ſubſtituting 1, 2, * 


&c. for æ we ſhall have all the diviſors, but it ap- 
pears by art. 91. that the quantity * — e- has a 


*— enn 4x* 
—=XX1 Tx * 


diviſor, 2x, therefore 


2 
4x 4x" 
I + Chak Þ+ ex bee =. XX X 
| 3 . &c 


248. In the ſame manner & + = = 


£ +2 ＋ 1 — dh this compared with the bi- 
q 


— 1 


* — we — — 
r 
* — 2. „ 


nomial QQ , gives Q = 14 1 132 1 


8 . 

> 4 * 3 . . 2 

4 —, » = f and the diviſor is 1% — 2 x 

: | ** 4k+1 x\2 2x* 
3 ſ. X C 4122224 — 

1 WE: 27 wh 7 2 

7 5 I 

4 = 2X 1 — col. nw X C. But coſine 

mh | q* 27 > 

4 f k oY * 2 5 

£9 =: x C—=1— LA — C ; therefore the di- 

by In- xo. 

4 viſor will be * + TING — 

N — 4 47 

"i 2 OE + ++ XC QE, multi- 

5 47 15 49" 

4 8 47 3 

R ly b — Il be 1 

I Py Dn xo then the diviſor wi + 

1 16x* 


* — 8m. 
_— = 
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and ſubſtituting all the odd numbers 
if x C* 


tor 4#+1, and as e*+e=* hasalſo the diviſor 2, we 
3 have * — _ 


4 5 art. 233. Cor. 1. * fine of the arc x 


in a Circle whoſe radius is 1, i St 
| whole radius is 1, is equal to x * 


e —1 — enn 


20 &c. = (by art. 91.) 1 by 
changing the ſign of x* in art. 247, we — have, 
ve: * * 
ſin. x ZXXI— T7 Xx 1— 8 * — * 
&c. 
* * 4 
The coſine of the arc x is equal 1 — * 
121 422 "=" "pa 
&c. = 2 — | — C: X 
a 16x* 
1 _— — — . 
90 * I GX &c 


250. If we multiply the diviſors 1 in the expreſſion 
1 the ſine we ſhall have 1 — + x*, &c. =1 — 


= x1+2 + 2 THT &c. therefore 1 + 
£43 {3-8 te. = ©. 


24 
In the ſame manner in the expreſſion for the co- 
* 16 * | 
ſine we have 1 — &c. =1 —"7T" X 


O 2 1+ 


7 — => © q 
* * 

CR He DEE 0 * 
== 


"4 


2 EC INST - A. 2.0 
Fd EE CE EEEIS 


2 
PH — 
— 1 -— — 


r 
r 


as ww. -. 
4 . 


— &, ®. 


* 
a. 4+. 


* 


We 


—— 


K . — 1 

— ISS c 1770000 
— ſo 0 — — - - + 3 hn — A * as "I — IV — © Wo, 4 ey N — = — 
222 K 1 — 9 Q — * LEY...» — "= L * 4 3 2 - Sz "#7" - 3 * of "2 

_ g ec > > ö * 5. « 1 1 a - 


INE" T0 


— 4. — 
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„„ 
= © This 600 ſubtracted from the . ſe- 


C I 
ries 14. 42 ＋ — * &c. = Zaleaves 446 + 


C: 
5 &c. = 95 and this ſubtracted from 14-7 + 


I C* C* 
25 &c. = 32 leaves 1—4 + + —75 &c, = = "3" 


251. Let the arc C. then the ſine of x = 
. and 


N K 
5 4 9 
Sin. C 
C = 1 1 
K 1 AK 1 1 „ 
4 9 
I 2 


= ſin. C * — X * 
= lin. 1 N pag 
876 
ne 3—21 Ke & 
Tf „Sz then fin. »C ſin. 3 1 and C = 


1 


1 &c. =1X4X 


a3XI—aX1— Gs ; 
2 HEXIXENTG &e, NX Ke. = 3X 


— 


4 > 
i= 17 then ſin. C = ſin. 30*=; and C= 
6 


Set. IX. Of Curves Lines. 197 
6 
— 4 =6X5X 
„„ ü X &c. 
Xũ* Xx x&c 
11 13 


252. Since col. C = ſin, 1.C — E in. 
e e and as fine C = nC X 1—2# X 14-24X 
2n2y 22m 3—21 * 3 +2n . If 


8 3 3 
we put 3 — # for n and 4+ — 23 for 2 we ſhall 


have coſ. C = nc * — — X 


an LS X XC. And C = col. 


xx —x— x * 
4 141” lp 3 23-745 
— X &c 
2 fin. C 
ſin. „ . 

2＋ 41 

- Xx & 
3—4n 


253. If the arc As (fig. 66.) is to the arc AP as 1 to 
u, and the tangent of Abt, the tangent of AP==»v, 
and let radius = r, then by art. 234, Ab 2 


4 * — 


< l : x $8 1 - a — * * — A 2 
if > th. = =, FF 
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S—_— * 


AP = Ab = 1oy/— ng 
un X 10 —1 Pr 


— — N N rea Ty — | 
= p then "= = 


Fe Cyl Put 


8 9 75 1+ /- 

P. 4 : 
therefore N. = ag — and rP"— P-! 
= N" -|- VN“ „ 1 whence r* — N'Nr = 

P.. N- r 


POTS I wv — 1 and V = Foe Ne 3 
But by Lemma 2. P. = * + wrt 4 


AN —1 1 71. 1—1 1 —2 
9 2:3 3 PA/I+ 


— 4} 
&c. and Nn==rr — mn —1fy/ — I 1 2A 
2 . 


71 . H — I . Ween 2 
| 3 7 ; I, &c. therefore = 


1 — 1 1 — 2 
jo X 1"=2 + &c. 


2.3 
1 3 1. — Me Hos 1 
4 1 —— 3 
Jiu n-|-1. 1. Wome 4 
&c.=(by diviſion) ut - - * 


11. 12 1 —1.2—3 ; a . 
8-5 Ne 
254. Let the arc be A and let y and . its 


fine and coſine, then / —= — which being put 


for t we have v equal to 


ar 


Sect. IX. Of Curve Lines. 199 x 


I 3 1 1 os 
I MMI 1+ 2 I & 5 
— IC 5 g 4 
x 2.3 15 
FED? 1 — Ty 1. — 1. 1—2.1—3 2 1 
renn 8 . * 
2 2 2.3.4 ** 
88 
Ms Arn * % &c. 
1 2.3 — 
e — 
11 . — = m_ &c. _ 


tang. 1A. But by art. 236. 1 x col. 1A = 
1 1—1 

2 
tang. Ax col. nA x*—1y u. u—1. —2 


r ro Tt — pu—1 — 2.3 


** — 


4 y* + &c. therefore fin. nA = 


BY Ke. 


255. Since t we have by art. 253. tang, 
x 


A Us 223 — x—yo/—1|! X r i 


xd3/ —it =- a — I 
by art. 236. coſ. nA = 


x +3 = + x — Jl * therefore ſin. 


27 —1 
tang. A coſ. nA 
nA —— — 2 ng — 
Ms , 8 Ge Mao nmr . 
3 N= (if we put 
27 1 


Q. 


Q=x-l-y/ —1 as in art. 235.) TN 
O 4 * 


N 5 
* 
2 
4 
5 i 
4 


r 2 


A Xx QCÆπ == 


= 2. „ —- . 2 — yr: =_ 


— <4 2 — OE nn _ Ks 


3 * 4 


> _ -- _ a" 
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gat: y ©. 72 


1 


20'/—1 © 2 Ki Hi: 


. But by art. 237. 


1. 1— 3 


OS 


n. 1— 4. 2 6 
— 4 * 
[hs — = . 29-6 x*=6 „„ &c: 


which multiplied by x*— 7) —1 — += 4 
2* 


| 1 | 
n * | — — : S Lo. — 57 


n—4. 2—5 .u—6 


2 7, &c. and fin. 


2.3 
BEET 1 e eas 
$3. = SO 5 i into _ 


H—2.,. 2 3X3 + 1—3 14 2—5 ws 


— . — 


7 —3 55 3 7 —5 
Hg 0 1—5 . 8 6 3 9122 —7 L 
2.3 * Ke. 


If r=1. fin. A = 


1 3. 1-4 


2 —1 77581. Wm 2 K- 


&c. 


X 255 x5 
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Example IV. Fig. 62. 
236. To find the length of an cllipſe. 


Call the greater ſemiaxis AC, a, the leſſer CD, 
. Vt, -" _— and 


— Ma, ** BN x5 


2 — 
a N ͤ a -& 
On -& 


3 
NE EM 


and x*+y* & X 


a = 


then Y = — be the flu- 
62. 
ent os which by art. 200. is equal to aA — 


2 ON — &c. where A is the fluent of 


1 

* or if A is equal to the circular are A M then 
. 

F c B 

"an, © 


75 &c. and when æ a, then the length of the 

quadrant of the ellipſe is equal to A into 

2.8 — 3 &c. where A is equal to 
4 64 © 256 


the quadrant AMH, 


— 


r «© 
 - 


= 


— £7 A Ae 


© & +> + 
— < . ——_— 
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Example V. Fig. 5. 
257. To find the length of an hyperbola. 


Call the ſemi-tranſverſe axis SA, a, the ſemi- 
conjugate, SG, 4, SO, x, OP, y, then * = 


6? — — 2 BNN X 
—Xx 2 „ and y == — — 
4* aiy* a X X*rn 4? 
1 , | — * a*x2 hr gn 
. 
＋ 9 X a* X 1 a* 7 
a" þn 
Put ns = then /x*+y* = 
KNOx* - NN — (5x7 == 
unnnpu_—___—__ — — 
IX — 4 9 
— c cues 1 5 | * þ* x* 1 
WV, — 9992 X K 1 Sa 
þb* x* b* x* SK 
* 1— — os . x1 
44 42 * 4A 2 : N 
7 8 4* Z 6445 
SX ＋ 4a 


Kc. 4 C which is to vaniſh when 
| 404 þ* 3 2. 40%* 
"==> &, therefort C4 

- OS 40a? 


&c. and the arc AP is equal to the difference be- 

| : "xt SE 

tween the two ſerieses x———— — TD xd — 
644 40a 


4 4 1252 
&c. and a — 2 * A 
64 


Example 
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Example VI. Fig. 72. 
258, To find the length of the Ciſſoid of Diocles, 


Call AB, a, AO, x, OP, y, then en by ar art. 111. 


0 — 2X 
wehave j == x 5x 7 and 


2XX@& —Xx 
Pat SEEN STS as 3 
40 X6—xÞ _ — 
ax — 120x* e 
therefore y* = x* X 2 Tz and 
1555 4X = 
. - N X 
94'X— 124x L + 124Xz—= 4x) 
4X4 - ”— 
— 20x | 
x * : „ put a—x or BO=2, then 


= —2 and 4a—3x=a- 32 therefore & 
EN 1 and Mi = — + 22> X 


a/aJ-3z which may be compared with the fluxion 


— 
in art. 94. Exam. 8. where d = 2 », 


ca, g, R=+/3, T=N= 9 Zo S 


V2, and the fluent is N 
LET: 


n 


8 . \ 
- 
- 
Ca = 2. 


LEY 


Fo 1 TS 


— 


FINS m #7 
. 5 
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which is to vaniſh when z a, and N==2, there- 


fore C = — 2a a3 5. 


fluent = AP =aN — 24a — 


and the whole 


3 +N 
2% e ann 
ET - 
a- 2A 
av3 Vaz + NV/* az 
Draw AE through the middle of OP meeting 


N 8 Ob X AB! 
the aſymptote in E then BE = — 2 = 


L 
= an S , = X 

* a + 32 
WD == 4X __ „therefore AE = aN. 
Let the angle BAF be © of a right angle, then 
BF = ay/:, 3BF = 2s, and AF = 24%. 
Let BD be a mean proportional between AB and 


3 
BO then BD = 4/az, and DF* = az + 7 = 


— x 3+ =, and DF = Na therefore the arc 


3 
3 AB+ AF 
AP =2 X AE—AB + 3BF = ＋ DF ae 


* Harm. Menur. P-114. 
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Example VII. Tig. 8. 
59. To find the length of the Conchoid of Ni- 


comedss. 


Retaining the ſame ſymbols as in art. 112. we 
have y = 9 X 6b + x* and 7 = 
= wv * 


* N XT 
1 — ak 

x* v8 XOX . 
therefore x* + 9» = x* x 


151 "Y $5. 0 
LE AA and * PY 


. 
ax e 
* PS", N 
OX « bx 2bx' ax 
VS + +6 ==> x 

bx* x* 

„ B42 Cram = —- XX 
ab TEES . ab 
A —— 5 —— F ＋ &c. whoſe fluent Is — — 
bx 


— — i &c. + C which is to vaniſh when 
24 24 3 2 
x==a, therefore C — b + - + w- . = 
— þ a ab 1 
— + = &. and AP = — — _—_ 
K Chi 
CC, — 2 _ 2 Co Q. . . 
Example 


- — — —-— — — „„ — 


+” l - 
_ 


£% pry #5. 


Fu re < 1 2 ry 
- DO 


T0 


5 » 
# >> n — 


N 
3 Sm, * 
— > - 


* WV 
„ 


— a 3 


— -_— 


_ — 


= > — — 5 — 1 — 4 — - . a = 
* Leonie” | 
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Example VIII. Fig. 73. 


260. To find the length of the logarithmic curve. 


Let AV be the firſt ordinate, P any point in 
the curve, VF, PT, two tangents in the points 
V and P, call the ſubtangent AF, 3, AO, x, 
DF, 5, then by at. 215, ay = = and x* = 


* therefore a/x* + y* = "Wk +5 5. which 


may be compared with the fluxion in art. 94. 
Exam. 8. where d==1, y = —2, =, fas «', 


R = a, twins); +5 = Ma + = 


PT, S yy, and the fluent — a N ＋ 


5 dR a rc. which is 
to vaniſh when x So, or y= AV, therefore 


C=—VF—+e = 44 and the whole fluent or 


AV 


AFA | 
Ar- vf Apr . 


ar AV 
VE At 

Let AL be = VF — AF, and O! = PT-OT 
and draw LM, im parallel to the aſymptote meet- 


ing 
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ing the curve in M and , then LM = 


AV 
AF IT» and Im AF 755 and the arc VP = 


PT— VF+ LM <7 *. 
Example IX, Fig. 17. 
261. To find the length of a Cycloid. 


Retaining the ſame ſymbols as in art. 117. we 


have y = Dal -, andy* = x* X 
da phe wks of X 


— 9 , put a. —=& then /x*Jo = 
. Ve 4+ 2+ DE an. m 


5 c C 3 
* at 55 * & c. The fluent 


of which is — 7 + = ＋ — — x x*, &c. 4-C 


24c 600. 
which is to 1 when x=24, therefore C= == 
2þ% 
6 - — kc. and the arc VP=— + 
bat FEY 8 ab 
n — ＋ — x &c. — C mans” — 


Lc. O. E. I. 
66 2 


Cotes Harm. Menſur. p. 23. 
262 


— . 
. * b * wa, 


- & 
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262. In the common cycloid a==b and c. 247 


therefore /x*+y* = VER. = 


SV 2 Icke fluent of which is 2 4/24 X NB a — X = 


pn” 

24AL x OL = 2Lm, therefore the arc VP 
is equal to twice the chord Ly as we proved be- 
fore in art. 173. 


Example X. Fig. 25. 
263. To find the length of the Quadratrix. 
Suppoſing the ſame things as in art. 218 we 


. 
have 4 5 X, * — + * &c. and 


— Kc. therefore K + y*'= 


97 


: ; 1696 3 
„* 1 +55 9 1 &c. and Y = x 


I Toa” _ + — 5 og - 2. Kc. the fluent of which is J- 
7 


255 ＋ 25275. bee. = AP. QE I. 
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Prop. XLIV. 


264. Let SWP (fig. 21.) be a ſpiral, and retaining 
the ſame ſymbols as in Prop. XXII. IT ſay the fluxicn 


of the arc SWP is equal to „ _- i 


For ſince the. triangles Pup, PST are ſimilar, 
SP: PE aÞ : Bp j:fad?=5 , 


but PT = V. LE = 2 x V 
2 F y* 


therefore ? = VM. Q. E. D. 


2711: 576. | „ 
265. Let x: :: : an, then & = _ 


a = 
— 

my" 7 

V. a” 


arc SWP. 
266. —\ m i, then the fluxion of SWP is 


b; VI which may be compared with the 


fluxion in art. 94. exam. 6. where d=1, »=2, 


which is equal to the 


3 ER 


Ss, © 
” — 2 * = * Fa 


. 


8 a Sho , 


— „ „„ 2 
8 - * * f 
8 


r | - 


_—_—— * 


ABC ior ron tte 
— — | 


A - —— — — 8 2 9 20 
- = 
wo . 4 — 


— 


— . 
= 
- ie 


> $73 


p — — — 


= SWP but by art. 122. ST = 


2 2 ud PT=V p42 N. 


a? and a = ST 9. — = 
therefore SWP = +4 PT + __ 


l 
— 
& 
2 
— 


ST +PT, 
28114 IE : 
267. Ifm= — 1, then the fluxion of SWP= 


1 += which may be compared with the 


fluxion in art. 94. Exam. 8. where d=1, y= —2, 


el, F, Ra, T= NV Y = (art 


122.) /ST* + SP* = PT, S=y, and the fluent 


1 7 


ST| OS ＋ C. Suppoſe it to vaniſh when 
SP= SW and PT — WG then C = — WG 
ST S&T WG and the arc WP = PT WG 


= — 
STI PT SG + WG 
sr FW f. 


= 


Cotes Harmon. Menſur. p. 22. 
+ Ibid. p. 23. 


168. 
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268. In the equiangular ſpiral we have 2 * 


* 124.) and = == therefore ** 
j x © 2 SE ca 2 the 


fluent of which 1 which is equal to 


the curve SP contained between S and P after an 
infinite number of revolutions of the ray SP, 


therefore the arc SP: ray SP:: V: r 
4 12 „ | 
—— +3: 3:: PT: SPand arc SP PT. 


PRO. XLV. 


269. To find the length of the curve when the curve 
is defined by an equation between the right lines SP, 
FP drawn to the two points S and F. (fig. 70.) 


Call SP, z, FP, v, SF, 2a, the arc of a circle 
whoſe radius is r ſubtending the angle ASP call 
x, and the arc AP, , then by Prop. XXII. 

421 15 
sr. = x, but * 2 = {*—2* therefore 


7 
223 ; 2 
SY' = 2 ms — and; : ——=> therefore 
t* 27 —8 Ya 
2 


1 = 5 
. 


Corel. Since SY = 5 we have 1 STX 


2 


17 * the fluxion of the area SAP by Prop. XLI. 


P 2 Example. 


4 $ <4 = 
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Example. 
Let z+ v=—= put  — 2 = m, then by 
art 127, SY* u and therefore f —= 


255 2 2725 ⁊v 
W NV . 


NZ — 
RE Fong the arc AP. And fince SY = == we 


2 
ws MZEZ, 
have ASP = 2 


the fluent of which is 


[ 213 } 


SECT. X. 
Of the Contents f SOLIDS. 


Lemma VII. 


270. Let BDEC (fg. 68.) be a Trapezium, 
whoſe angles at B and C are right ones, and let 
BHKC be a refangle whoſe beight is BH, 
draw DF parallel to BC, and let BC be infinitely 
ſmall, then the ultimate ratio of the ſolid gene- 
rated by the Trapezium BDEC is to the cylin- 
der generated by the rectangle B H K C as 


BD -+ FE: BH*. 


Let p be the area of a circle whoſe radius is 1, 
then the cone ACE = 4 x p Xx CE* X AC, and 
the cone ABD = px BD* x AB, therefore the 
fruſtrum BDEC = + p x = 


CE —=BD x AB E x BC, but AB 


BC x BD 
5 therefore the fruſtrum BDEC = x 
CE- B. 


PX BC x BD Xx EFF + CE SAT 


BCXBDxX CE + BD +CE* =2 p xXBC x 

BDX260 FEF+BDF+EF) = pxBC x 
3BD* + 3BD x EF NEF. But the cylinder 
BHKC = p x BC x BH", therefore the fruſtrum 
BDEC is to the cylinder BHKC as BD* + BD x 


EF 1-3 EF* to BH* that is, when BC and EF are 
T1 infiaitely 


**&. - - 


% 
P A, ED OT 2 9 


1 S „ 5 
_— T 


Ms df * < _ . P 


* 


adi — nn LS, 


2 us . 


D — ——————— 
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infinitely ſmalt as BD: + BD x EF : BH* but 
BD-++ErP = BD* + BD x EF + EF. BD. 
— BD x EF, therefore the fruſtrum BDEC : cy- 


linder BIK C : EBC EP BI. Q. E. b. 
PR OP. XLVI. 


271. Let AP (fig. 58.) be any curve, AO its 
abſciſſa OP an ordinate, let AO = x, OP=y, 
and let p be the area of a circle whoſe radius is 1, 
then the fluxion of the ſolid generated by AP re- 
volving round the axis AO is equal to py*x. 

For ſuppoſing the ſame conſtruction as in prop. 
39, draw pg parallel to AO, then by Lemma VII. 
the ſolid generated by op is to the cylinder ge- 
nerated by okuwas op ＋ Aug: AL* :: OP* : AL, 
that is, the fluxion of the ſolid AOP is to the 
fluxion of the cylinder ALKO as OP“: AL:: *: 


a, and the fluxion of the ſolid AOP = X 


ALKO, but ALKO = pax x, and ALKO = pa- x, 
therefore the fluxion of the ſolid AOP is equal to 


pa- x = Hex. Q. E. D. 


a* 


Corol. 1. Therefore to find the ſolid generated 
by AOP compute py*x and its fluent will be the 
content of the ſolid, 

Corel. 2. Since py's = pb x the folid AOP. 
will be equal to a cylinder the radius of whole 


baſe is à and whoſe altitude is the fluent of _ . 


Example 
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Example I. Fig. 5. 13. 


272. To find the content of the ſolid generated by the 
revolution of a parabola or hyperbola whoſe equa- 
tion is y = ax", about the abſciſſa AO. 


By this equation we have 5 = @* x and 
2Y*x = p, the fluent of which is 
pax 

2m--1 ; 25 

If the curve is a parabola, this fluent is to va- 
niſh when » So, and the ſolid will be = 

22m 1 3 Pyx 2 oy. : K 

. x the cylinder ge 
nerated by the rectangle AOPM. 

In the common parabola m=2+ and the ſolid is 
equal to half the circumſcribing cylinder. 

It the curve is an hyperbola, then if —2m is 
leſs than 1, or — leſs than :, the fluent will vaniſh 


when x =o, and the ſolid AOP = = X cy- 


linder AOPM, and the ſolid OPH will be in- 
finite. 


If — is greater than z, then the fluent will 


vaniſh when x is infinite, and the ſolid OPH = 


— X cylinder AOPM, and the ſolid AOP 
infinite, 

In the common hyperbola, m= — 1, and the 
ſolid OPH will be equal to the cylinder generated 
by the rectangle AOPM, 

P 4 If 


EST 


* 
n K 3 8.6 3 - 


n p SS + < 89 2 4 Cc = 
— ae ACE aa diign — 


r Rd Eon EEE. 


— — — — 
- s 0 = 
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yo 
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If n -, then the fluxion of the ſolid will 


pa*x : 
be —— whoſe fluent which vaniſhes when xs is 


Pa- = = py Therefore if AO (fig. 59.) 

Dx, AB, the ſolid generated by BEOP will 
x 

N and this ſolid is to a cylinder the diame- 


ter of whoſe baſe is OP and altitude AO as 1 to 
the meaſure of the ratio between AO and AB, 


the modulus being 1. 


Example II. Fig. 6. 


273. To find the content of the ſpberoid generated 
by 1 of the ellipſe APB round the 
axis . 


Call AB, 75 the latus rectum a, AO, x, OP, 
v, then y* = ax — bxx and py*x =Paxx — phx'x 


the fluent of which is 4 pax* — h = to the ſo- 


lid AOP. When x = = this ſolid will be equal 
a* 


— — — — — 
— 


2X ABX SG* = }of the circumſcribing cylinder. 
If , the ſolid will be a ſphere whoſe con- 
tent is 3 of the circumſcribing cylinder. 
If b is negative the curve will be an hyperbola, 


(fig. 7.) and the ſolid AOP = 4 pax*+ pb. 
Example 
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Example III. Fig. 72. 


274. To find the content of the ſolid generated by the 
Ciffoid of Diocles, revolving round the diameter of 
its generating circle. 


Call AB, a, AO, *, OP, , then * = 
1 


„ BP G 5 as 
and p X — * -M — 4 x ry 


the fluent of which is  X=—= 2 X'— 4 ax* -M 
a — * a 


4 =P Xa 7, OX; A i= 
px* a*_0x| a a- a 
% 7 — 
4 — * * la — x * 
- aXxX«“ 4 — K 
1 
Let AO, AB, AR, AS, AT, be taken in conti- 


: a* 4 
nual proportion then AR = _ AS = . 


AT 5 and the ſolid AOP is equal to a cylinder 

whoſe baſe is a circle deſcribed by the radius OP, 
| AB 

and whoſe altitude is ST]; — RS— 4 BR — 

10. Q.E.1*. 


Cotes Harmon. Menſur p. 24, 
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Lemma VIII. 


275. If SV (fig. 71.) be an arc of a circle whoſe 
radius is FS and verſed fine VW, then the ſolid 

_ deſcribed by the ſector SFV revolving round the 
axis FV is equal to XpXFV* XxX VW. 


For by art. 273, the ſolid VSW = px FV x 
VW: —. VW, but the cone SWF—=+ p X 
FW xX SW: = 3px FV — VW x WV x 
2FV=WV =3+p x FV: x WV —pxFV x 
WV: ++p x. WV3 and their ſum SFV = 4 px 
FV. x WV. Q. E. D. 


Example IV. Fig. 63. 


276. To find the content of the ſolid generated by 
the Conchoid of Nicomedes revolving round the 
axis AG. 


Call AG, a, GF, 5, GO, x, OP, y, then y'= 
= X @&*—x*, and the fluxion of the ſolid 


OP . — L 4 
ee. 


© &Þ* x 28*bx . 
= * — -— ane . * a*x, the flu- 


a*b* 


22 i 
ent of which is _ + — þ 20%b | * 


＋C, which is to vaniſh when x =a, therefore C 
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—— . + * = — 1 245.—4.14 


AOP 
p 
a — * 20b* =a*b + 39% 20% 2 


The cone deſcribed by the triangle OPF is 
OPF _ 


3 
24, and the ſolid 


equal to 4 p x OP OE; and 


3 
the ſolid _ is equal to — 2 


| #4 + + = which added to the ſolid 2 


3 2A 1 
we have the ſolid — — 2 


With the center F and radius FV A, de- 
ſcribe the circular arc VS meeting FP in S and let 
fall the perpendicular SW on FV, then ſince the 


triangles FWS, PQR are ſimiliar and FS = PR, 
we 


— MM. CES 


_— 


- F714 wont pay —- - — —-—-— 8 wer . a 2 - - r 8 
— — _ 2 - — — a 
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n 89 4 
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F tw mh. HA. 2. Wife dt. 21 2 


23232 
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. ez tf x a 
Wr - 


RP. 3EG x FR 
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we have FW —= PQ — x, and by Lemma VIII. 
the ſolid deſcribed by the ſector FVS is equal to 


Z NA Xx - x, therefore the ſolid AGRP is 
equal to 1 + 2 Xx FVS + 2pa*b 1 = 


PR x GO + 3FG* | 
RP x GO Xx FVS 2px AG 


FG — or ſince FR : FG :: RP: GO we have 


— and the ſolid AGRP = 


IT X FVS + a cylinder the ra- 
dius of whoſe baſe is AG, and whole altitude is 


FR 
2FG|——. Q. E. 17, 


Example V. Fig. 15. 


277. To find the content of the ſolid generated by 
the revolution of the logarithmic curve about its 


aſymptote., 


Call the ſubtangent OT, a, OP, y, AO, x, 
then xy = a/ and pxy = payy whole fluent is 
4pay*, which vaniſhes when yo, therefore the 
ſolid OPB infinite in length is equal to pay, 
that is, equal to a cylinder that has the ſame baſe 
as the ſolid OPB, and whoſe altitude is half the 
ſubtangent OT, Q. E. I. 


* Corss Harmon. Menſur. p. 25. 


Example 
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Example VI. Fig. 25. 
278. To find the content of the ſolid generated by 


the. revolution of the quadratrix AOP about the 
axis AG. | 


Soppoling the ſame _ as in art. 218, we 


1 2Y 
have x = 5 X = + > + = = 
and therefore — wk wr the end AOP or — 


* X = -+ 7 < Ke. the 


* 31575 
4 2 3 
fluent of which is p x — = ; 2 


&c. = a cylinder whoſe baſe is the circle de- 
ſcribed by OP, and its altitude is 21 = = 


Fo &c. Q. E. I. 
630 


Sꝛcr. 


= 1 
— = - - - =  - - \ = > 
a” + von fu .- * ts = * © —_ * « 
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src r. XI. | 
Of the Quadrature of Curve Surfaces. 
Lemma IX. 


279. Let ABC (fig. 74.) be a cone whoſe baſe is the 
circle BC, and altitude AE, I ſay the ſurface f 
the cone is equal to the circumference of the baſe 
multiplied by balf the fide AB. 


For let the two right lines AD, Ad be drawn 
from the vertex to the circumference of the baſe, 
infinitely near each other, then the triangle ADA 
= AD x Dd will be the increment of the ſurface 
ABD, call the ſide AB, r, the arc BD, z, then the 
fluxion of the ſurface will be equal to 2, and 
taking the fluents, the ſurface ABD = 4rz = 
ZAB X BD, and the whole ſurface = ZAB mul- 
tiplied into the circumference of the circle BC, 
Q. E. D. | 

280. Corol. 1. Let BCED (hg. 68.) be a trape- 
zium right angled at B and C, let DF be parallel 
to BC, and p be the area of a circle whoſe radius 
is 1, then the ſurface deſcribed by DE revolving 
round the axis BC is equal to 2p x DE x 
BD - EF, for let ED, CB be produced till 
they meet in A, then the ſurface deſcribed by AE. 
is equal to the circumference of a circle whoſe 
radius is CE, multiplied into AE, that is, equal to 
PXAEXEC, and the ſurface deſcribed by AD is 
equal to Xx ADXDB, and therefore the ſurtace de- 
ſcribed by DE is equal to p XAE XxEC—ADXDB. 
But 
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But becauſe the triangles ADB, AEC, DEF are 
1 DBX DE CE DE 
ſimiliar, AD = FF and AE = "FF 
therefore the ſurface DE = p x DE x 
CE*— DB: CE*—DB* 

—EF_ = x DEx ep pp=2xDEx 
CE + DB = 2p x DE x BD + EE. 


Corol. 2. If DF is parallel to BC, the ſurfa 
deſcribed by DF —= 2p x DF x BD. 


Prop. XLVII. 
281, Let AP (fig. 58.) be any curve, AO the ab- 


ſciſſa, OP an ordinate, let p be the area of a 
circle whoſe radius is 1, call AO, x, OP, y, and 
the arc AP, t, then the fluxion of the ſurface de- 
fſeribed by AP is equal to 2pyt. 


For ſuppoſing the ſame conſtruction as in Prop. 
XXXIX. the ſurface deſcribed by pz = 2p X pn X 
0 - = 2p X px x OP (by Lemma g. 
pg. — the ſurface deſcribed by . 
kixAL, therefore as ks x AL : px x OP :: ſurface 
*: ſurface pr ſo is the fluxion of the ſurface LK to 
the fluxion of the ſurface AP, and the fluxion of 


SS o G 
the ſurſace ar EAI. Xx ſurtace LK = - 


of — 
ax 
and its fluxion = 2pax, therefore the fluxion of 


the ſurface AP = 2737 = 29vx* +. Q. E. D. 
Corol. 
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| Corol. 1. The furface AP is equal to the fluent of 
2p4xe +y*\ 


Carol. 2. The ſurface AP is equal to a circle, the 
ſquare of whoſe radius is equal to the fluent of 


DEF} * 


282. To meaſure the ſurface of the ſolid generated by 
the 3 of a parabola or hyperbola whoſe 
equation is y ax, round the axis AO. 


By art. 232. we have { = xv/1 TM = 
&. VA ＋π and 299 = 
pax i, A the fluent of which is 
equal to the furface AP. 

283. In the common parabola, m= 4, and the 


fluxion of the ſurface is 2paxv/40* + x the fluent 
of which by art. £51, is = X 24 + x2 + E 
which is to vaniſh when x o, therefore C — 


-N, =, and the ſurface AP = 


Let S (fig. 75.) be the focus then 14 = AS, 
take AQ=SP= AS + AO SHA + x, then 
RQ = Va- x 3 + * = + x, and the 
ſurface AP 5 * AQ x RQ — 2 X AS*. 
But the area ARQ=2 x AQxXRQ, and the 
area ASM = Z ASxXSM = 4 x AS? therefore 


the ſurface AP =2p X ARQ — ASM = 2P X 
SMQR. 2 84. 
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284. In the common hyperbola (fig. 76.) m = 
— 1, and the fluxion of the ſurface is 2paxx—3 


Vat + xr = e -- 1 which may be 


compared with the fluxion in art. 94. Exam. g. 
where dp, y==—4, e=1, f=@, Rex, 


— — — — 


s i and the fluent 22 N— Z RETN = 
* „ 1 8 


—24 — 1 3 
E . C, fup- 
poſe it to vaniſh when x =AB =b then C = 


" /FFBG — po SETS and the 


whole fluent is EFF BC“ — 5 ** + * 


*. EN — * · & 
TELLER TOI 


1 + -x AP 
+ pa FI... T oO CG 
parallel to AP then GB = Y = 


** 


. and GC = XG 


OP 


Q 
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—X AP. Let AP cut BC in F then AP = 


Ox AF X . 
ENS and © x AP = BC x AF, and the 
ſurface deſcribed by the arc CP =p x BC X AC. 


2X BC x AF Dx BC [7p OA But 


the circle whoſe radius is BC is equal p x BC. 
therefore the ſurface deſcribed by CP is to the 
circle whoſe radius is BC as AC — AF 


GB-GC 
TIB to BC - 


Example II. Fig. 1. 
285. To meaſure the ſurface of @ ſphere. 


Call the diameter AB, a, AO, x, OP, y, then 
ax — xx = yy and 2yy = X Xa —2x, therefore 
; 2 dax + 4xx "> 

rn FI arr. 

therefore 2 -|- y = pax, the fluent of which 
is pax = Þ X AP., theretore the ſurface deſcribed 
by AP is equal to a circle whoſe radius is the 


chord AP. Q. E. I. 


Corol. The whole ſurface of the ſphere is equal 
to a circle whoſe radius is AB, that is, equal to 
four times the circle whoſe radius is AC. 


Harm. Menſur. p. 94. 


Example 
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Example III. 


To meaſure the ſurface deſcribed by an Hyperbola, 
| revolving round one of ils axes. 


286. Caſe 1. Suppoſe the axis round which the 
hyperbola revolves to be the tranſverſe axis CA 
(hg. 77.) 

Nur. CA, a, AB, 5, CO, x, OP, y, and put 
. T — c*, and by art. 257, we have A = 
HO = bxJOx'—a 

rum is ay 
be equal to a circle, the ſquare of whoſe ra- 
dius is equal to the fluent of 2) Y + * = 


Dae \which may be compared with the 
fluxion in art. 94. Exam. 6. where 4 = 26 
a 


y=2, e -, fg, Rc, N=T= 


and the ſurface will 


-, 8 = t, and the fAluent : N 


e NMT 5 abc -N 
+7 * [5 bor 


[x 
which is to vaniſh when x Sa, and N = 


ee = - „therefore C = - 


b 
T of — and the correct fluent is & into — 
8195921 7 


Q 2 — 


A 


— 


o 
. 
1 
ce. 


LS. as 


a7 > >.:4 


* 


* 
—_4 


D 
py Bt 


. 
* 

? 
y 


228 of the Quadrature Sect. XI. 
2 c-N x*N 


— - = ͤ into —— — 6 
a 


b 
T7 


| X 


* ＋ 

Let F be the focus, CB the aſymptote, then CF 

a = ac. * CA :: CA: CE, then 
a X AB 5 

CE == - and EG = * Fand CG = a. 

In the angle CEG inſcribe the right line CZ = 

CO and produce it to V meeting OP produced in 


V. then EZ B. Ver _ = 


6 N COX FEZ 
. — a* = —, and OV — — — 


*N | Therefore the ſurface AP is equal to a 

„ 

circle whoſe radius is a mean proportional between 
CZ + ZE 

AB and OV — AB — CE Coat And 

therefore the ſurface AP is to the circle whoſe ra- 

dius is AB as OV — AB — CE CGE to 

AB * | | 

287. Caſe 2. Let the axis round which the hy- 

perbola revolves be the conjugate axis CD perpen- 

dicular to AC at C (fig. 78.) call CO, x, OP, Y, 


Cotes Harm. Menſur. p. 26. 
CA, 


CA, a, CD, 6, and let — * = ©, then x 
„„ af 
| XY or &'x* ν . andy = * X 


8 FT. 
Therefore in the fluent in the laſt caſe 
change —@* into . and þ* into — 4, then e== 


Þ+#*, N=— *x* 3+ and the ſurface is equal to 


N N 4 — 
= - + = 22 = a into +2 G 
b 


— 


Let F be the focus, then CF =4/a* FÞ:=3c, 
let CF: CD D: CE, then CE==. RO 


— — N 
then EO = Ve! —_ = SOD = —. 


Therefore the ſurface deſcribed by AP is equal to a 
circle whoſe radius is a mean proportional be- 


COxEO, co + EO 


tween CA and = + e „and 
the ſurface AP is to A circle whoſe * is CA 
CO E 
= + CE = to CA. 
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Example IV. Fig. 79. 
To meaſure the ſurface of a ſpheroid. 


288. Caſe I, Let the axis of the ſpheroid be 
the conjugate axis CD of the generating ellipſe. 
Call AC, a, CD, 5, CO, x, OP, , then & = 

2 „ 


þ —— a „ e 
7X &—y* and Y. zr x 6* — Xx = 7¹ X 


x*—#*, therefore in the fluent in the ſecond caſe of 
the laſt example change J into —b*, then = 
Om)? 1 

27 put di -c nd Ny/—1 == Por ”” 


and the ſurface will be equal 4 into 1 * 
*N 
2 Es, = a into = + 
Tx þ 
1 
x*N/ —1 
1 
4 5 e 
1 


Let F be the focus then CF = 6d, let = 
22 = 5 join EO then EO=V x: +> = 7 
N. At, and the ſurſace AP is equal to a circle whoſe 
radius is a mean proportional between AC and 
— + CE 2 And this ſurface is 


to 
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to the circle whoſe radius is AC as — + 


CE| ZE w Ac. 
289. Caſe II. Let the axis of the ſpheroid be 
AC the tranverſe axis of the ellipſe, call AC, 4, 


„ 
CD, 3, Co, x, oP, 5, then 7 = ” X mm x*, 


therefore in the fluent of the * caſe change a 
into 5 and þ into a then — c = = = 


= therefore the ſign of c or Ræ will be 


R 
changed, and the meaſure R| I by art. 234.) 


will be changed into the meaſure of an angle 


whoſe radius, tangent, and ſecant are as R, T, 
— 


and 8, or c, -N & and , or as «, V 
* x g 


a 3 ; C 
and 7 that is, (if the right line Ce = EET 


be inſcribed in the angle Coe ) the meaſure of the 
angle eCo and the fluent will be equal to a mean 


proportional between CD and 2 2 + Ce (eCo) 


which vaniſhes when x = o, therefore the ſurface 
deſcribed by the arc DP 1s to the circle whoſe ra- 


dius is DC as = - > ＋ Ce (eCo) to DC. 


Q 4 Example 
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Example V. Fig. 72. 


290. To meaſure the ſurface generated by the Ciſſoid 
of Diocles revolting round the Aſymptote BE. 


Call AB a, BQ= OP, x, PQ = OP, y, then 
DS IS 
* 2 2 and by art. 258. No + = 


1 : . Y 
%- + 3y and 29/x* Y =apy=3v/a+ 5» 
which may be compared with the fluxion in art. 
94. Exam. 6. where d = a, y=1, e=a, f=3, 


— 
Re 0 NI V5 ,S= V3] wg the flu- 
RAT | 
ent NL R | — = 
* * 
- a VNN 2 
ayN + 70 * = a into 
Lt: 2 
a p 1 | 
JN + — 2 IE 22 which vaniſhes when 
| | an} 


So therefore the ſurface deſcribed by the infi- 
nitcly Jong arc PZ is equal to a circle whoſe radius 
is a mean proportional between à and N + 
_@ N 
3 av+ . 

Suppoſing the ſame conſtruction as in art. 258. 
we have BF = A, DFN, AE = 4aN, 
BD = Vay and ſince BE and OG are parallel 
we have AB: BO:: AE: EG and EG = N and 


the ſuriace deſcribed by PZ will be to the circle 
whole 
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| 3 B 
whoſe radius is AB as 2EG-BF — 9 to 


AB“. 
Example VI. Fig. 15. 


291. To meaſure the ſurface generated by the revo- 
lution of the logarithmic curve about its aſym- 
ptote. 


Suppoſing the ſame things as in art. 260, we 


have V. EN. N 7 and 2) H E 
295 + = 2y V which may be com- 


pared with the fluxion in art. 94. Exam. 6. 
where d=2, y=2, ed, f=1, R=1, TN 


,s — and the "OR. x*N + 
J J m1 


a N 
d N 'X = a into 
34 y*N bi 
LN 2. —. which vaniſhes when y = o. 


a 


Produce or 2 L fo that OL = OD + DP, 
then ſince OD =>, and DP = Vt = 

. The ſurſace deſcribed by the infinite arc PB is 
equal to a circle whoſe radius is a mean propor- 
tional between OT and PD + OT — or 


between OT and PD + LM +. 


Cotes Harmon. Menſur. p. 92. 


3 22 — - 


r . 


= 


yg. 


2 


- - 
— 
- = - 


n 5 a 
* » 1 | a 1 — hn 


2 


= 
* 
Wo 
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* 
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PRO p. XLVIII. | 


292. If PZ (fg. $0.) is a curve whoſe aſymptote 
is AZ, then the ſurface deſcribed by the revolu- 
tion of the infinite arc PZ about the aſymptote AZ 
will be finite or infinite according as the area OP. 
is finite or infimte. 


Call the abſciſſa AO, x, the ordinate OP, y, 
and the curve PZ, t, and let PT be a tangent in 
the point P. By Prop. XLVII. the fluxion of 
the ſurface deſcribed by PZ is equal 2pyt, and by 
Prop. XXXIX. the fluxion of the area OPZ is 
equal yx, therefore the fluxion of the ſurface is to 
the fluxion of the area as 2pf to x that is as 
2p x PT to OT), which ratio muſt always be fi- 
nite; for when P falls in AZ, PT is equal to OT, 
therefore the ſurface muſt be to the area in a finite 
ratio. Q. E. D.“ 


® Cotes Harmon. Menſur p. 94. 
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SECT. XII. 


Of the Centers of Gravity and Os- 
CILLATION, 


293. The Center of Gravity of one or more bodies 
is a point about which all the ſeveral points of theſe 
bodies ballance each other, and the moments on 
each ſide that point are equal. 


Prop. XLIX. 


294. To find the Center of Gravity of any Alem of 
bodies A, B, C. (fig. 81.) 


Let ac be a lever ſupported at S, to which are 
hung the weights A, B, C, by the lines aA, #B, 
cC, put Sa = a, SB = þb, SC c, let G be the 
Center of Gravity, call SG, g, then the moments 
of the bodies A, B, C, will be as their quantity 
of matter and velocity conjointly, that is, as 
Ga x A, Gb X B, Ge x C, but the moments on 
each ſide of G are equal, therefore Gax A = 
GbxB+GcxC, or ſince Ga= a + xg, Gb= 
beg, Gr=c—pg, we have aA ＋ gA = bB— 

bB + Cc — Aa 2 
B+ CC and E but if 


the lever revolves about 8, 5B + Ce Aa, is the 
ſum of the moments, therefore SG or g is equal 
to the ſum of the moments divided by the ſum 
of the weights. 


Therefore 


n — 


>» a _-. % K oͤ r Pr: 


n 


* 
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Therefore to find the Center of Gravity of a 
line, ſurface or ſolid, ſuppoſe it to be ſuſpended 
at the end of a lever, and find the moments of all 
its points, and their ſum or fluent divided by the 
ſum of the weights will be the diſtance of the Cen- 
ter of Gravity from the point of ſuſpenſion, or 
end of the lever. 

Corol. 1. If we call the diſtance from the 
point of ſuſpenſion x, the weight W, the moment 


: : M 
M then M — Wx and CG =p » and 
3 [Wa]. 

Corol. 2. To find the center of gravity of 
the area KPAQN (fig. 82.) Let AO be a right 
line paſſing through the middle of the curve 
ſo as to biſect all the right lines PQ, pg, parallel 
to each other, in the points O, o, Jet the point 
of ſuſpenſion be any point S in the right line AO, 
call SO, x, OP, y, and let the points O, o, be infi- 
nitely near each other, then the increment of the 

weight is 2PO x Os, and the increment of the 


moment 2PO x Oo x SO or ſince the fluxions are 
as the increments, the fluxion of the weight will 


be 2yx which put = 2W, and the fluxion of the 


moment = 2 M = 2yxx, and then SG = g = 
M 


W 

| Corol. 3. Since W = AKL, we have by Co- 

3 rol. 1. the ſolid AKL x g = the fluent of Wx = \ 
f the fluent of AOP x SO, or the ſolid AKN xSG | 


L = the fluent of APQ x SO. 
{7 Corol. 
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Corol 4. To find the Center of Gravity of the 
curve line PAQ, the fluxion of the weight is 


24/x* Þj* = 2W, and the fluxion of the mo- 


; M 
ment is 2x4/x* + * = 2MandSG= W. 


Corol. 5. Draw SB perpendicular to OS and 
ſuppoſe the curve PAQ to revolve about the axis 
SB, letp be the area of a circle whoſe radius is i, then 
the fluxion of the ſurface deſcribed by AP 1s equal 
(by Prop. XLVII.) to 2pxV/x*+y*)\= 20M and the 
ſurface deſcribed by AP equal to 2pM = (by 


Cor. 1.) 2pWg = 2pgX AP. But 2pg is equal 


to the circumference of a circle whoſe radius is g, 
therefore the ſurface deſcribed by AP, is equal 
to the rectangle of the arc AP and the circumfe- 
Tence deſcribed by SG, and the ſurface deſcribed 
by PAQ is equal to PAQ Xx the circumference 
deſcribed by SG. | 

Corol. 6. To find the Center of Gravity of the 


ſolid deſcribed by the revolution of PAQ about 


the axis SO, the fluxion of the weight is 


2x = pW, and the fluxion of the moment is 
M 


fy*xx = pM and SG = oY 


Corel. 7. To find the Center of Gravity of the 


. ſurface deſcribed by the revolution of PAQ abour 
the axis SO, let APD t, and the fluxion af the 


weight is 2pyf = 2pW the fluxion of the moment 


M 
is 2pyxt = 2pM and SG =" | 


Examples 


e — 


„F 


2 7 


——_— 27 . _— « _ 
mw = ag 
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EAM LES of finding the Center of Gra- 
ity. 


Example I. Fig. 83. 


295. To find the center of Gravity of the area of 
a parabola whoſe equation is y == ax", 


Suppoſe A to be the point of ſuſpenſion, then 
AO Dx, OP= y, M=yxx = axx*+", and M 
a ax 
22 but by art. 204. W= 23 therefore 


M m 
W 
m I: n 2, and disjointly AG : GO :: 
„„ | 
In a triangle m=1, and AG = 3 AO. 
Fa 5 the common parabola m = 4, and AG 
In a cubical parabola, m=+, and AG g= FAO. 


AG = — = x 5 And AG : AO :: 
m + 2 


Example II. Fig. 84. 


296. To find the center of gravity of the circular 
area BPQD, TY 


Call the radius CA, 1 CO, x; OP, , and 
ſuppoſe the point of ſuſpenſion to be at C, then 
MSA =— y' and M==* + C which is 

to 
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to vaniſh when y = 7 therefore C = N and M = 


— 
. thefore gc Noch 


Corol. When P comes to A then y o and 
* 8 Do _ 

8 = 7APBC- but APBC = 4 pr* therefore g = 
_ and 39: 4 :: CA: CG the diſtance of the cen- 


ter of gravity from the center C of the circle. 


Example III. Fig. 62. 
297. To find the center of gravity of an ellipſe, 


Call the ſemi-tranverſe axis AC, a; the conju- 
gate DC, 4; CO, x; OP, y; about the center 
C with the radius CA deſcribe the circle AMH, 


then OP = x OM, call the moment and 


weight in the circle correſponding to thoſe in the 


ellipſe w and wthen M ==, and M = =, 


| bw M. m 
but by art. 211. W =— therefor 5 =. 


that is, the center of gravity of the elliptic area 
PDEO is the ſame as the center of gravity of the 
circular area MmbH. 


Of the Center Sect. XI. 


Example IV. Fig. 85. 
298. To find the center of gravity of an Hper- 


ola. 


Call the ſemi-tranverſe axis CA, a; the con- 
gate CD, 4; CO, x; OP, y; and ſuppoſe 
the point of ſuſpenſion to be at C, then 


— = -a and 72 = xx, therefore M = 
| 2,,2 1 M 
* and M = 7 and CG = W = 
243 
Fw therefore CG 79 7 — | But by 
art. 212. if we make CL = xD, then W 


= COxOP —2ACx CD 5 there- 


CA OP 2CA x OP : 
fore CG C as 3CO — 


eACx CDICL-- OP , 


re 


Example V. Fig. 84. 


299. To find the center of gravity of the circular arc 
PAQ. 


Call AO, x; OP, y; AC, r; and ſuppole the 
point of ſuſpenſion to be at C, then W = 


Cotes Harmon. Menſur. p. 26. 


. A 
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Ax + 5» = 2 (art. 233.) therefore M= W = 


* 


ry and M ty which vaniſhes when x==r whence 


wy, NIL OP: AC: 
£= 7 . And AP: OP: AC: Cg. 


Example VI. Fig. 83. 


300. To find the center of gravity of the ſolid 
generated by the revolution of a parabola whoſe 
equation is y=ax"® round its axis AO. 


Call AO, x; OP, y; let A be the point of 
ſuſpenſion then M = xx M , and M 
h t | a. 

7 but by art. 272. W = 5X5 there - 


„ = —_ X x, whence AG: AO:: 


= BN 
zm 1: 2 +2 and AG: GO:: 2m+1 : 1. 

1 cone m=1, and AG = A0. 

In the common parabola, m = x, and AG = 
> AO. 

In the cubical parabola, m=$, and AGFA. 


Example VII. Fig. 84. 


301. To find the center of gravity of the ſegment of 
a ſphere generated by the revolution of the circu- 
lar area AOP about the axis AC. 


Call AC, r; CO, x; OP, y; let the point of 
ſuſpenſion be at C, then MS & = pA and 
3 = 


Ip, Lea r 


7 
—_—— 
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M = 7 which vaniſhes when y=0. Alſo W 

=x = "X=—*x, and W = r'x —+43 + C 

which is to vaniſh when x r, therefore C = 

— s and W = = JX — DOR 

FX - 21) = T x — 22 x AO and Cg = 
M 2. 

8= NF Y 8 xA0 


Carol. When O comes to C then y==r, and Ce 
the diſtance of the center of gravity of the hemiſ- 
phere BAD from the center C is equal to i x AC, 


Example VIH. Fig. 85. 


302. To find the center of gravity of the ſolid gene. 
rated by the revolution of an hyperbola about its 
axis CA. 


Call CA, a; CD, 5; co, xz ; OP, 3; let C 


be the point of ſuſpenſion then M = 2 = 
OY ad Max IF. Alb W = i= => 
& af * n > 


Fx 


be- and W —— Fx + C which is to vaniſh 


when x = a, therefore C = gab and W = 


=P x+ jab = TY OOO” 


=37Y*%* % AO therefore 5 f = 


329. 
4 N86 X- 
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Example IX. Fig. 84. 


303. To find the center of gravity of the ſurface 
deſcribed by the revolution of the circular arc AP 
round the axis AC. 


point of ſuſpenſion, then by art. 285, W=zrx, 


M = xW = 2rxx, whence M = rx* and Cz = 


= 2140. 


<= 


Lemma X. 


204. Li G (fig. 86.) be the center of gravity of a 
ſyſtem of bodies A, B, C, and to any plane 48 
draw the perpendiculars Aa, Bb, Cc, Gę, then 
Ge XxX A+B+C 3s equal fo A XAa+BxX 
Bb + Cx Cc. | 


Take any point S in the plane 48 beyond the 
point C and draw S perpendicular to 48 and Aa, 
BB, Gy, Cx, perpendicular to Sx, then by art. 


294. Sy = W 1 Sy x W=M= Sax A+ 


SS XB S. x C, or Gg x W = Aax ATB 
B Ce x C. Q. E. D. 
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Of the Center of Oſcillation, 


305. Let SABC (fig. 87.) be a compound pen- 
dulum compoled of ſeveral bodies A, B, C, vi- 
brating about the axis of motion at S, and if SV 
is the length of a ſimple pendulum, which per- 
forms its yibrations in the ſame time, and with 
the ſame angular velocity as the compound pen- 
dulum. Then the point. V is called the center 
of Oſcillation of the ſyſtem of bodies A, B, C. 


PRO P. L. 


306. To find the center of oſcillation of any ſyſtem 
of bodies A, B, C. (fig. 87.) 

Suppoſe the bodies A, B, C to be in the ſame 
plane parallel to the horizon, a ſection of which 
is repreſented by the line SG. Let G be the cen- 
ter of Gravity and V the center of Oſcillation. 
Let all the points A, B, C, G, V, by their gra- 
vity deſcend to a, b, c, g, v. Then by Lem- 
ma X. GgX W =aAXA+lBxXB +cCxc. 
But the ſpaces deſcribed by falling bodies are as 


the ſquares of the velocities, that is, as the ſquares 


of the diſtances from S, therefore SV* : SA:; 


— 


SA 
Vo: Aa and Aa = VU X SVr⸗ in the ſame man- 


: 7 2 C 
ner Bb = VV x Sr and Cc=Vv x > 


Therefore Gg x W = Vo x 
SA: XA+ SB: X B-SC:xXC SVN GoxWw 
8 SV and Vo 
=SA*X A +SB*xB+SCxC. 


But 
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But SV: Vv :: SG : Gg lince the point V has 
the ſame angular velocity as the point G, therefore 
SVXGg = SG, and SV x SG x W=SA* x A+ 
SB* Xx B-SC* XC, whence SV = 
SA* X A+SB* x B+SC* XC 
Es SG x W 1 
diſtance of the center of Oſcillation from the axis 


of motion is found by dividing the ſum of the pro- 


ducts of the ſquares of the diſtances of each body 
into its weight, by, the diſtance of the center of 
gravity from the ſame axis of motion multiplied 
by the ſum of the bodies. 


Corol. 1. Call the ſum of the products SA. A, 
: 5 P . 

Den SC XC, P; then SV = SET = 
- 3 Ws 
W = 7 if the diſtance from S = x then 
M=xW, and P=x*W=xM- | 

Corel. 2. Call the ſum of all the products of 
each particle multiplied by the ſquare of its diſ- 
tance from the center of gravity D, then D = 
_ SX W=x* W—2gxW-hg: W=P— 22M 
2*Wand DS P 22M+# W=P—gM there- 


D 
fore A + 42 = 2 SV, and GV the diſtance 


of the center of oſcillation from the center of gra- 
"EE D D 
vity is equal to = W 
R 3 Corol. 


Therefore the 


r 


= *#h4; 
* 


. 


F rr * 


— 2 — 


— 


W. and Gv = 
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Corol. 3. If the axis of motion be altered from 
S to 5 (hg. 93.) let the center of oſcillation be 
changed trom V to v, put Ss =4, then GV = 


D D 
Ow Therefore GV : Gy 


: g -d: g:: 5G : SG, therefore the diſtance of 
the center of oſcillation from the center of gra- 
vity is reciprocally as the diſtance of the center of 
gravity from the axis of motion; the poſition of 
the axis of motion with reſpect to the body re- 


maining the ſame. 


Corol. 4. To find the center of oſcillation of 
the area AOP (hg. 82.) let A be the beginning of 
the abſciſſa and G the center of gravity ; call SA, 
d; AO, x; GO, 3; OP, y; then P ATN, 

D 


and B and SV =g + op = EY 


Lemma XI. 


307. Let AOPQ (fg. 94.) be a ſolid generated by 
the revolution of the area AOP abeut the axis 
AO. To find the ſum of all the products of each 
particle of the ſolid multiplied by the ſquare of 
its diſtance from a given point 8. 


Let the circle Py QMVN be a ſection of the ſolid by 
a plane perpendicular to AO, let RN be 8 
dicular to OP. Call SA, 4; AO, x; OP, y; 


OF, v; the area ORN, A; and put vA=B, 

then the fluxion of the ſum of the four areas ORN, 

ORx, Orm, OrM will be 4A, which multiplied 
| by 
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| by the ſquare of the diſtance from S, or c 
* gives 4 X TÞx x A —— 4V A4A X AY 2 
+ 4B whoſe fluent is dx AA + 4B; but 
by art. 200. the whole fluent B = ;Ay* therefore 
the fluent is 4 + X 4A + Ay*, where A is the 
quarter of a circle whoſe radius 1s y, and the 
whole area 4A = p, (p being the area of a circle 
whoſe radius is 1) therefore the fluent is TT. x 
py2 + 4 py* which is the ſum of all the particles in 
the circle PQ, multipled by the _ of their 
diſtances from S. Therefore multiply this laſt 
fluent by x and find its fluent which will be the 
ſum of all the particles in the ſolid, multiplied by 
the ſquares of their reſpeCtive diſtances from S. 


Q. E. I. 
Corol. 1. To find the center of oſcillation of a 
ſolid then P = prix xd + ＋ AN. 
If the point of ſuſpenſion is at A then P = 
Dx K IH. Wk 
Cerol. 2. If G is the center of gravity and GO 
=2, then DB ＋ 432942. 
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EXAMPLES of finding the Center of Oſcil- 


lation. 


Example I. Fig. 88. 
308. To find the Center of Oſcillation of a right line 
SB. 


Call SB, a; SO, x; then P=x*x and P, 
and when xa, Pg, but W==a and ge 


therefore SV = =, =4a= SB. 


z 


Example Il. Fig. 89. 
309. To find the Center of Oſcillation of a circle. 


Let G be the center of the circle, and let the 
axis of motion be at S; call SG, g; AG, ; 
GO, 2; OP, y; and ſuppoſing the circle ABC 
to be divided i into an infinite number of concentri- 
cal circles OLM, then DP A x OLM = 2pzz, 
and D= gp and when z=r, D Ar. But 


3 
W — pr, therefore GV = SGN W 27 1 
GA 
2 50 


: 3 Example 
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Example III. Fig. 82. 


310. To find the Center of Oſcillation of a parabola 
whoſe equation is y = ax", 


Let the axis of motion be at S, call SA, 4; 


AO, x; OP, y; then Pf x axx"=ad'xx=- 
adixm r 


640 tic and P = TT 


— 
= = +< 
" ET. 4 
therefore SV = —- _- d* 2.m--1 . dx 
ore 7W _ ——_—— + 


m3. 2 ä 
If the axis of motion is at A then d = o, and 


r x* m1 
AV = RX __ 


0 3 Xxx. 
m4-3 
In a triangle m=1, and AV = 3AO. 
In the common parabola, m==;, and AV= + 
AO. 
In the cubical parabola, , and AV = 


AO. 


ax 
But W art. 204. 
11 ( 4+) 


X x there- 


Example IV. Fig. 89. 
311. To find the center of Oſcillation of a ſphere. 


Suppoling the ſame things as in art. 309, let the 


ſphere be ſuppoſed to be divided into an infinite 
number 


„ >, IT ex ru 
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number of cylindric ſurfaces, which are terminated 
at the ſurface of the ſphere, and whoſe baſes are 
the circles OLM, then each of thoſe ſurfaces will 
be equal 2p x GO x OP=2pzy and D= 25 2 
2py*2'y = 2pr'y'y 20% and D = Apr. 
which vaniſhes when y—=0, and when y=r, D 
8 But W= zr therefore GV = 2 


"I 
= 2AG* 
55 388 
312. The center of Oſcillation of a ſphere may 
alſo be found thus. By Lemma XI. Cor. 2. we 
have DP +2 py4z. But „* - and 


259884 .— 7 2 22 therefore D= 10142 + 
1 305 and D = ww ＋ 2 


pz" , and when 2 r, D = a as before. 


Example V. Fig. 82. 


312. To find the center of Oſcillation in the ſolid 
generated by the revolution of a parabola, whoſe 
equation is y=3x" round the axis AO. 


Let the axis of motion be at A. Call AO, x; 
OP, y; then by Lemma Xl. P=ppix*x+ A 


1K 2 z 
8 me” + , and P = — ＋ 
04x r a* x* — 
1 But by art. 500 — 2 
21 2 m 1 
therefore SV = N = 2 * ＋ 2. * 
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In a cone, m 1, and SV rA 0 
In a parabolic conoid, m +, and SV =} 
OP: 
AO + 4A0' 
Proe. LI. 


314. Let AOP (fig. 95.) be a curve, AO the ab- 
ſeiſſa, to find the motion of the ſalid generated 
by AOP when it revolves round the axis AO. 


Let OP be an ordinate, R any point in' it, let 
the points R, r, be infinitely near each other; 
call AO, x; OP, y; OR, 2, then the motion of 
the annulus deſcribed by Ry will be as that annulus- 
and its velocity conjointly, that is, as OR x annu- 
lus Rr = 2p x OR x Rr, and therefore the 
fluxion of the motion of the circle deſcribed by 
OP is equal to 2pz*z whoſe fluent is 3pz? and 
when z , the fluent is 4 , which is the mo- 
tion of the circle deſcribed by OP, therefore the 
fluxion of the motion of the ſolid deſcribed by 
AOP is as 2 py3x, that is, as y'x. The fluent of 
which will be as the motion of AOP. Q. E. I. 


Corel. If AL = a, then the motion of the cy- 
linder ALKO will be to the motion of the ſolid 


AOP as & to 2A. 


Example 
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Example. Fig. 95. 


335. To find the motion of a ſphere revolving round 


the axis AC. 


Call the radius AC, 713 CO, * 3 OP, 9; 
then y'x r — x* Xyx put the fluxion of the 
area COPD = yx = A, and 3x*=B then the 
fluxion of the motion y'x = *A — B whoſe fluent 
is A — B, but by art. 200, the fluent B 
when x=r is equal to 3A, therefore the motion 
of the ſpherical ſegment ACD = 3r*A, and the 


motion of the whole ſphere = 3r*A, and the mo- 


tion of the ſphere is to the motion of the circum- 
ſcribed cylinder ALDC as r* : 44A :: 41* : 2A, 
that is, as four circumſcribed ſquares is to three 
great circles. 


PRO. LIL. 


316. Let BAK (Vg. go.) be a perfeftly flexible line 
hanging from the two points B,K, and by its gra- 
vity formed into the curve BAK, to find the f- 
gure of this curve. 


Let A be the loweſt point, through which draw 
AO perpendicular to the horizon, and from any 
point P, draw the line OP perpendicular to AO, 
call AO, x; OP, y; the arc AP, 7; and let the 
tenſion of the line at A be equal to the weight of 
a line whoſe length is a, let PT be a tangent at 
the point P, then the line at P is acted upon by three 
forces, by its gravity in a line parallel to AO, = 

| e 
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the arc BP in the direction of the tangent TP, 
and by the tenſion of AK at A in a direction pa- 
rallel to OP. But it appears by mechanics, that 
ſince the line AP is in æguilibrio theſe forces muſt 
be to each other as the les of a triangle parallel 
to the directions of thoſe forces, therefore the ten- 
ſion at A is to the weight of the arc AP as OP to 
OT, that is, a: /:: : x whence *: a. :: : 


5+ : f* and y = n which fluxion 


may be compared with that in art. 94. Exam. 3. 
where d=a, y=2, e 2 4, f = 1, , 


T= fn, S=— and the fluent 7 X 
aR [EE = = TE = y. In the right 


line OA produced, take AF = a ; let AE be per- 
pendicular to AO at A, take AE = AP then OP 


AE + EF 
= AF EIS - ---- | 
TORS WSY, | 3 0 
Since x = p rr we have 
: it : 
* Put a*+ i: = 2: then if = zz, 


BP | 
and x = — = , therefore 2 = x + C which is 


to vaniſh when 7 = o, or z==4, therefore C = a, 
and a+ x =2z, or OF = FE. 


Definition. Ihis curve is called the Catenaria. 


Corel. 
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Corol. 1. Since x = 2 therefore the ſubtangent 


8 "> AExXOP 
* e 


2 = , and the perpendicular DP = 


„ the ſubnormal OD 


3 Put / rng and 2 = 


—_ it x 
7 but * = r therefore 2 2 
5 AE or” FE 
ave Fr © AFxtr OP ”” AE 
therefore the radius of curvature in P is equal 
1 FE AFs 


OÞ * (arr. 182. = AE X AFX FE” 
AF * 


SECT. 
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SecT. XIII. 


OF CENTRIPETAL FoRCEs. 


PROP. LIII. 


317. If a body falls in a right line towards the 

center of force, the increment of the velocity will 

be as the force that generates it, and as the time in 
which it is generated conjointly. 


For the greater the force is and the longer it 
acts, the greater effect it muſt produce, that is, it 
mult produce a greater change of velocity, which 
is therefore as the force and time conjointly. 


Q. E. D. 


; Corol. 1. Call the force F, the time t, the ve- 
locity v, the diſtance from the center y, then V = 


Ft and F==. 


Corol. 2. Since the ſpace is as the time and ve- 


locity conjointly j=vt, and 7 = 2. therefore F= 
= whence JF = wv and taking the fluents v'= 


2 x l or ſince a is given, i is as FI“. 


Newton Princip. Lib, I. Prop. 39. 


ProP. 


x 
iS | 


| 
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Proe. LIV. 


318. If a body moves in a curve line, the force 
towards the center will be to the force that ac- 
celerates the velocity as the fluxion of the curve 
to the fluxion of the diſtance from the center of 
force. 


Let the center of force be S (fig. 96.) EP the 
curve the body moves in, let the rwo points P, p, 
be infinitely near each other, let fall the perpendi- 
cular px on SP and ſuppole the force towards 8 
to be repreſented by Pn, which may be reſolved 


into two forces PT, and Tx, one in the direction 


Pp, and the other perpendicular to it, of which 
PT will only accelerate the body in the curve, and 
the force P: force PT :: Pn: PT :: Pp : Ps. 


Q. E. D. 


Corel. 1. Call the arc EP, 5; the accelerating 
| A; 
force A, then F: A:: J: ) and =. But by 


Prop. LIII, A * therefore F = bs or 
| me” : ol 
* 
t | 
Cor. 2.) the velocity is the ſame in a right line 
and in a curve at the ſame diſtances from the 
center of force, if the forces at thoſe diſtances are 
equal, = 
Corel. 2. If f be given then v is as 5, bg, and 
SS 
F — — 
5 85 


3 , F ==, thereſore (Prop. LIII. 


Corol. 
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Corel. 3. Call the force Tx that acts perpendi- 
cular to the curve, N: then N: F:: T: Px: 
pn: Pp, let SY (fig. 97.) be perpendicular to the 
tangent PY, call SY, z; then pn: Pp :: SY : SP 
and N = 5 2 


9 IF. 

Corol. 4. Let $A be the height a body muſt fall 
to acquire the velocity it has in D or P, call SA, 
c, and let the centripetal force be as the power 
n—1 of the diſtance, then Fy =yy*—* = (cor.1.) 


vd and 2 XY - C, that is, as y*-|- C or as 


C- which is to vaniſh when y=c, therefore 
C ce, and v* is as . and vas Way, 


Proe. LY: 


319. Va body moves in a curve line, the force will 
be as the ſquare of the velocity direttly, and as the 
chord of the circle of curvature paſſing through 
the center of force inverſely. 


Suppoſe the time in which the body deſcribes 
the infinitely ſmall arc Pp (fig. 97.) to be given, 
then, if the force was to ceaſe acting in P, the bo- 
dy by its vis infita would go on in the tangent 
Pr, but if the force acts it is obliged to move in the 
curve Pp, which is the diagonal of a parallelogram 
whoſe ſides are pr, Pr, therefore the force is as 
pr, but if PV is the chord of curvature, PV x pr 
ER: 
= py 
becauſe the time is given, therefore the force is as 

the 


= Pp* therefore pr But Ppis as the velocity 


* 
* 
id 
x 
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the oe of the velocity directly and PV inverſe- 


ly. QE. 
Cerol. 1. Call PV, w; SY, z; then by art. 


177, . and 1 = = 5 But by 


Prop. LIV. Cor.i. F == therefore ſince 2 


5 — 
is given — = —— and 8 + vz = © and 
* 


taking the fluents vz is given and v inverſely as 2. 


Corol. 2. Therefode YU = = , and F = 


— = Z. and N (Prop. LIV. Corol. 3.) = 
3 = ap Prop 3.9 


then RN, ad F = "3 dN= 
2 9 , 

"OM, « 

RR 


Corol. 3. Since 12 7 and v = = we have {= 
25 = SY x Pp, that is, as the area SPp. 


QB 
Corol. 4. Since F = — We have Fw = and 


* 
* 
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Corol. 5. Since 2 * Fy we have = * [247] 
and F = N 22] = GX ht; 
Fro = [Fy], 
Corol. 6. Call the velocity in a circle at the 
ſame diſtance, V; then V.: v* :: 2Fy : Fw:: 3Fy3 
Ey. Therefore the velocity in a circle whoſe ra- 


dius is y, is as J Ey, or as YEy and F 


7 
Corol. 7. Let E be the area deſcribed in a given 
time 2, then by Cor. 35 2: E:: f: 325 and E 


75 = 2v = 2 Fw therefore E- = 2 Fw and 
FE 


F= —.. In a circle whoſe radius is y, z y, 
2*wW ; 


and w = 2y therefore the force in a circle is as 


* 


Corol 8. Call the arc BF, x, SB, r; then z = 
, . 80 2 rt 

— and f = 25 == and X = —, therefore 

1 


the angular velocity which is as F is inverſely as 


the ſquare of the diſtance, 


Corol. g. Since , = FE . we have — 5 


r — — 


K Ju- Ly A 
. 
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PRor. LVI. 
Having the orbit to find the centripelal force. 


6 OO OR 
Compute the quantity =* 29 and it will be 
as the force. 
Example I. Fig. 6. 


320. To find the force that tends to the center of an 
ellipſe. 


Call SN, p; AS, a; SG, 6; SP, y; then 
= and z Hr gab, therefore 1 and 
1 y 


3 therefore the force is directly as the 


Example II. 


321. Va lady moves in an ellipſe, to find the force 
that tends to the focus of that ellipſe. 


Let the tranverſe axis = 2a, the conjugate = 
26 then the diſtance from the other focus S a-, 
by I 
and b | 538 d 2 = 
y att, 127. 2 J- y 2 


| 2 a 
2 K. therefore 


20) = yy 26 3 
6*y* Ty b*y 25 * 
that is, the force is inverſely as the ſquare of the 


diſtance. 


Example 


. eee 


* 3 
8 222 n 3 
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Example III. Fig. 21. 
322. To find the force tending to the center of a ſpiral, 
Call SP, y; SB, r; BF, x; SY, z; and let 
# . 
x:: *: a" then by art. 122. 2 = 


I _ I 2 
and 288 _ 7 therefore 5 * 


5 i 
TE = + = which is as the centripetal force 
tending to S, 

If m=1, the force that tends to the center of 


the ſpiral of Archimedes is as _ —— 7 
If m = —1, the force tending to the center of 
the reciprocal ſpiral is as 5 that is, inverſely as 


the cube of the diſtance. 

If =- 4, that is, if y is inverſely as xi, the 
a 2 35 

force is as -—= + 7 


If m+1 is negative, then the firſt part 
m1. 45 

merz 
part affirmative and part negative, or part centri- 


will be negative, and the force will be 


petal and part centritugal, becauſe the curve has a 


point of contrary flexure. Art. 190. 


S 3 Examiie 
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Example IV. 

323. To find the force tending the center of an equi- 
* ſpiral. 


Since Z is to y in k given ratio as c to r we have 


N and— = = — whence the force = = 


= 


7 * . 
, that is, inverſely as the cube of the diſtance. 
CY 


Example V. Fig. 98, 


324. Let VR be any curve, let the curve VP be 
formed by taking SP = SR, and the angle VSR 
to the angle VSP in a given ratio as F to G, 10 
find the difference between the forces tending to 8, 
in the trajettories VP, VR. 


Call SP = SR, y; SB, 1: BE, x; BF, X. 
let SG, SY, be perpendicular to the tangents 
RG, Pr, call wn 2; S, 2. the arc VR, 5, 


then * = 5 L 


WR I 
751 in the ſame manner 2 N A 
ASA 1 — (becauſe G: F:: X: x) but 
G 


177 I I oe 
2 = 7, —— therefore - r 
X - * * G 2 * 
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= + 0 put G* — F* =P then z 3 
F* P 


GE =_ 1 and e the fuxions , =2 


of 


Fiz P 2 
Gizy + Gy" * 2 is as the force i in the 


curve VP and a5; is as the force in the 
* 

curve VR and the difference of the forces 655 is 

inverſely as the cube of the diſtance *. 


Cor. 1. If the radius of curvature in R be called e, 
thene⸗ and 5 = 5 and the force iu VP will 


be as Fo -- 655 or if N is a given quantity 


NF y NP. 
the force is as Fre, = + or 


Corel. 2. Call SV the greateſt diſtance of the 
body from 8, T; the radius of curvatureinV,R; and 
let the centripetal force in the curve VR in V, be 
. . aN 
CTY : het om rie N or NN R = e and N 
F WP VRP 


* 


VRGe*and the force in P=——— 


we call the force in R, W; Bs the force at P = 


V 
Ws . 


If VRK is an ellipſe whoſe focus is S, then the 


* Newton Princip. lib. i. prop. 44. 
S 4 force 
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F* 

force in R is as I, V==1, and the force in P = 
F , RP. 
* * 

Corol. 3. Call 7 radius - curvature at P, d, 

at, 3 P 
then 7 . 7 and 7 74 . G*2'p + Gy: 2 
I * P 

24 — ie T Gy G*y 4 

Call the curvature bf the curve VP at P, c; the 


curvature of VR at R, x, and the curvature of a 


circle whoſe radius is y, 7» then c, «x, k, are as 
ox <1 c . Ft: -. 
_ muy therefore > Ti = T 57 Gy 2 


b 1 _ Fi 
r GY 
diſtances from 8, we havey=z=Z and c = 


F: T4 
==+ kt = & „ and c — 4 = = XR r. 


In the greateſt and leaſt 


3 c 4:4: Fr: G. 


PRop. 
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Proe, LVII. 
325. Having the force to find the orbit. 


By Prop. LV. Corol. . we have”. F. — 


. 


v*, or if a is a given quantity 7 = 


* x] 8. 
= * 
If the force is as y—* and c is the diſtance from 


which the body muſt fall to acquire the velocity it 
has at the diſtance y then by Prop. LIV. Corol. 4. 


* 25 therefore — — — —_ and 


Org /- a pix* ch, -, whence & 


— — 1 and x = ay 
FIR Way == 


which is the equation of the curve. 


Corol. i. In the apſides y = 0 = = x 


Moy —y'+ -, therefore the equation to deter- 
mine the apſids is cy. g* o or yt... 
cy + &'=0, 


Corol. 2: Hence if u is a whole and affirmative 
number, the number of apſids can never exceed 
nr, ifn +2 is an integral negative number as 
—#n, the number of apſids will never exceed Ma. 


Of 
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Of the Reſiſtance of Bodies. 


PR Opp. L.VITI. 


326. If a body moves forward by its vis inſita only 
the reſiſtance is as the decrement of the velocity di- 
retily and as the time inverſely. 


For the decrement of the velocity is as the re- 
fiſtance that deſtroys it and the time conjointly, 
thetetore the reſiſtance is as the decrement of the 
velocity directly and time inverſely, 


Corol. 1. Call the velocity v, the time 7, the 
* ; 
ſpace 5, * R, then R and f = Þ 


and / = K If the reſiſtance is as the power u 


of the velocity, let R= av" then f = Sand 


51— ; : 
| = ===, that is, inverſely as 9 —1. if a=1, 


] i} , 


=P I 
then 7 = —, and 1= = x log. v. 


Corcl. 2. Since 5 = vt and ; = 5 we have i= 


v pany | ob 
=, and f.. If R 5 == = 
VUy1—" —_ a * 
— nd — If x = 2, 5 = — and 

"a a. 2—7 av 
2 X log. v. 


PROp. 


—— ͤ—— — tm m — 
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Prop. LIX. 


327. If a body moves in a right line, and is 
acted upon by a gravity F, and a reſiſtance R, then 
if the body deſcends, the decrement of the veloci 
will be as the difference of the gravity and reſi Ge 
ance, and as the time conjointly, but if it aſcends 
it will be as the ſum of F and R and time conjointly. 

For when the body deſcends the accelerating 
force is F R and when it aſcends the retardi 
_ is FR, therefore by ahi LIII. FF RS 


SY 9 he 5 
8 I, Hence 7, = for and 5 = = of = 
RF 
F+R TE ; 
ee 2. If F is given, and R / v then 7 
whoſe fluent may always be expreſſed by 


Fc 
the meaſures of angles or ratios. 


V V 
It ao, = FN. % NN 


If 1=1, f = pes and - S log. FFT: 5 


If n 2, and the body deſcends, then f = 


F 
2 2 FT: and 2 r X log. Fs But if the bo- 


dy aſcends * = and . = - X arc whoſe ra- 


V 
Fw 
dius F and tangent = v. 


Cor ol. 


Þ » 


— , me SR. 
— — 4 — — 


S 


223 __— — 
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v v 
Corol. 3. By Corol. ar, 5 = FIT FER Fr 
v⸗ 3 
1 VU Fo * 
ils 5 == === FTD == V + Fro 5= 
+» F log. FF». f 
If 22, 3 Fer and 5s = log. F + v5, 


Por. LX. 


328. If a body moves in a curve line, call the 
accelerating force A, then if the body deſcend to- 


WM; 5 . 
wards the center T is as A- R, if it aſcend F is 


as A+R. 


For A AR is the force that accelerates or retards 
the body and by Prop, III. > = AAk. 


Corol. 1. Since by Prop. LIV. A — in the 
— 5 
aſcent of the body, and A = 54 in the deſcent; 


we have * = TN and Fy + Rs =+ 


7 = FRY If f is given then v 7 and ; 2 — 
Fy + Rs. 


Corel. 2. Let F be given, then ſince 19 
Rs = vv taking the fluents we ſhall have y- 


I 9% 


C orol- 


wat p * * a. + rd L Pp 4 4 1 
P I 
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Corol. 3. If the central force tends to an infinite 
diſtance, let y be the ordinate perpendicular to the 
horizon, x the abſciſſa, and let F and x be given, 
let wo be half the chord perpendicular tothe abſciſſa, 


then by Prop. LV. F = >, but by Prop. XXX. 

w = therefore F = 22 and 97 1 * 
J 9 E Fat 

taking the fluxions v T 6 +. E/ * 


TT 
EN. But vv = Fy + Rs therefore R = 2 


270 27 
and F: R:: 27: J. 
1 va Fg" b Fry 


Corol. 4. Let R=— = — then r = 
2a 2a" 
— and F- = wk — and the equation of the 


£4" — 
CES HC — uy 
curve is . 
If » = 1, the equation is ay = . 
If n = +51 ay =F—: X. 


E nIR AT A. 


Page 112. line ult. for DPI read DP. 
231. 1. 3. from bott. and line ult, for cCo read Cee, 
240, I. penult. for AO, read CO. 
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